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Abstract 

This is a paper in a series to study vertex algebra-hke structures arising 
[ from various algebras including quantum affine algebras and Yangians. In this 

paper, we develop a theory of what we call (weak) quantum vertex F((t))- 
algebras with F a held of characteristic zero and t a formal variable, and we 
give a conceptual construction of (weak) quantum vertex F((t))-algebras and 
their modules. As an application, we associate weak quantum vertex F((t))- 
' algebras to quantum affine algebras, providing a solution to a problem posed 

by Frenkel and Jing. We also explicitly construct an example of quantum 
vertex F((t))-algebras from a certain quantum /37-system. 
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1 Introduction 

In the earliest days of vertex (operator) algebra theory. Lie algebras had played an 
important role. In particular, an important family of vertex operator algebras (see 
[FLM] . [FZj . |DLj ) was associated to untwisted affine Lie algebras. A fundamental 
J> ■ problem, posed in [FJj (see also [EFK] ) . has been to establish a suitable theory 

^ ■ of quantum vertex algebras so that quantum vertex algebras can be canonically 

associated to quantum affine algebras in the same (or similar) way that vertex 
operator algebras are associated to affine Lie algebras. In the past, several theories 
I of quantum vertex algebras have been studied ( |eFRj . |EKj . [Bo] . |Li3] . |Li4j . |AB] ) . 

^ ■ however this particular problem is still to be solved. 

O ■ This is a paper in a series, starting with |Li3] . to study vertex algebra-like struc- 

tures arising from various algebras such as quantum affine algebras and Yangians, 
^ I with an ultimate goal to solve the aforementioned problem. In the present paper, 

j-j I we develop a theory of (weak) quantum vertex F((t))-algebras with F a field of char- 

acteristic zero and t a formal variable, and we establish a general construction of 
weak quantum vertex F((t))-algebras and their modules. As an application we asso- 
ciate weak quantum vertex F((t))-algebras canonically to quantum affine algebras, 
providing a desired solution to the very problem. 

The notion of weak quantum vertex F((t))-algebra in a certain way generalizes the 
notion of weak quantum vertex algebra, which was introduced and studied previously 
in this series (see |Li3j . |Li4j ) . A rough description of all these "quantum vertex 
algebras" is that they are various generalizations of ordinary vertex algebras where 
the locality, namely weak commutativity, is replaced by a braided locality, while the 
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weak associativity is retained. A weak quantum vertex ¥{(t))- algebra is defined to 
be an F((t))-module V, equipped with an F-linear map 



y(-,x):l^->HomF((i))(F,\/((a;))) 
and equipped with a distinguished vector 1 E V, satisfying the conditions that 
Y{f{t)v, x) = fit + x)Y{v, x) for /(t) G F((t)), v e V, 
Y{l,x)v = v, Y{v,x)l E V[[x]] and \imY{v,x)l = v for t> G V, 
and that for u,v E V, there exist (finitely many) 

g V, fi{xi,X2) G F,(xi,X2) {i = l,...,r) 

such that 

-^^ / Xi X2 \ Y{u,Xi)Y{v,X2) 

\ J 

f^^l^^ it,.,,.mxi +t,X2 + t))Y{v^'\x2)Y{u^\x,) 

= X2^5 (^ ^^ ^ Y{Y{u,Xo)v,X2). 

(See Section 2 for the definitions of F*(xi,X2) and Lt^x2,xi-) Furthermore, a quan- 
tum vertex F((t))-algebra is a weak quantum vertex F((t))-algebra equipped with 
a unitary quantum Yang-Baxter operator on V with two (independent) spectral 
parameters, which describes the braiding and satisfies some other conditions. 

In |EKj . Etingof and Kazhdan developed a fundamental theory of quantum ver- 
tex operator algebras in the sense of formal deformation. The notion of (weak) quan- 
tum vertex F((t))-algebra as well as that of (weak) quantum vertex algebra (see |Li3j . 
[Li4j ) largely reflects Etingof-Kazhdan's notion of quantum vertex operator algebra, 
however there are essential differences. As the map Y{-,x) for a weak quantum 
vertex F((t))-algebra is not F((t))-linear (where linearity is deformed), the formal 
variable t is not a deformation parameter, unlike the formal variable h in Etingof- 
Kazhdan's theory. On the other hand, the braiding operator in Etingof-Kazhdan's 
theory is a rational quantum Yang-Baxter operator (with one parameter), whereas 
the braiding operator here is more general with two parameters. 

The theory of quantum vertex F((t))-algebras is also significantly different from 
Anguelova and Bergvelt's theory of iJ^-quantum vertex algebras (see |ABj ). The no- 
tion of i^D-quantum vertex algebra generalizes Etingof-Kazhdan's notion of braided 
vertex operator algebra (see [EK] ) in certain directions. In particular, the underly- 
ing space of an if£)-quantum vertex algebra is a topologically free F[[t]]-module and 
the vertex operator map Y{-,x) is F[[t]]-linear, where the variable t plays the same 
role as h does in |EK] . We note that weak quantum vertex F((t))-algebras satisfy 
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the same associativity for ordinary vertex algebras. Unlike (weak) quantum vertex 
F((t))-algebras, general i/^i-quantum vertex algebras do not satisfy the associativity 
for ordinary vertex algebras (though they do satisfy a braided associativity). 

The theory of (weak) quantum vertex F((t))-algebras is deeply rooted in |Li3] . 
To better state the results of the present paper we review a conceptual result ob- 
tained therein. Let W be an arbitrary vector space and let S(W) denote the space 
liom{W,W{{x))) alternatively. The essential idea is to study the algebraic struc- 
tures generated by various types of subsets of S(W). The most general type consists 
of what we called quasi compatible subsets, where a subset U of £{W) is quasi com- 
patible if for any finite sequence a^^\x) , . . . , a^^\x) in U, there exists a nonzero 
polynomial p{x, y) such that 



Furthermore, the notion of compatible subset is defined by assuming that the nonzero 
polynomial p(x, y) is of the form (x — yY with A; G N. It was proved therein that any 
(quasi) compatible subset U of £{W) generates what we called a nonlocal vertex al- 
gebra {U) in a certain canonical way with 1^ as a (quasi) module in a certain sense. 
(A nonlocal vertex algebra is the same as a weak Gi-vertex algebra in the sense of 
|Lilj and is also essentially the same as a field algebra in the sense of |BKj .) In 
contrast with that vertex algebras are analogs of commutative and associative alge- 
bras, nonlocal vertex algebras are analogs of noncommutative associative algebras. 
It follows from this general result that nonlocal vertex algebras can be associated to 
a wide variety of algebras including quantum affine algebras. 

In the present paper, based on |Li3j , as one of our main results we prove that for 
any quasi compatible subset U of £{W), the F((x))-span ¥{{x)){U) is what we call 
a nonlocal vertex F((t))-algebra. (Note that SiW) is naturally an F((x))-module.) 
The notion of nonlocal vertex F((t))-algebra is a counterpart of the notion of nonlocal 
vertex algebra, where a nonlocal vertex F((t))-algebra is a nonlocal vertex algebra 
over F and an F((t))-module such that 

Y{f{t)u, x)g{t)v = fit + x)git)Y{u, x)v for f{t),g{t) e F((t)), u,veV. 

Furthermore, to deal with quantum affine algebras, we study what we call quasi 
iS(xi, X2)-local subsets of £(W). A subset U of £(W) is said to be quasi S{xi,X2)- 
local if for any a{x), b{x) G U, there exist (finitely many) 




p{xi, Xj) I ai(xi) ■ ■ ■ ar{xr) G Hom(VF', W{{xi, . . . 



Xr))). 



U 



{x),v^^{x) G U, Mxi,X2) G F*(xi,X2) (i = 1,..., 



r) 



such that 



r 



p{Xi,X2)a{Xi)b{x2) = p{Xi, X2)^ Lx2,xi{fi{Xi, X2))u^'\x2)v'^'\xi) 



1=1 
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for some nonzero polynomial p{xi,X2). We note that quasi iS(xi, X2)-local subsets 
are quasi compatible. Our key result is that for any quasi iS(xi, X2)-local subset U 
of S(W), ¥{{x)){U) is a weak quantum vertex F((t))-algebra. 

The theory of (weak) quantum vertex F((t))-algebras runs largely parallel to that 
of (weak) quantum vertex algebras. To construct quantum vertex F((t))-algebras 
from weak quantum vertex F((t))-algebras, we extend Etingof-Kazhdan's notion of 
non- degeneracy for nonlocal vertex F((t))-algebras and we prove that every non- 
degenerate weak quantum F((t))-algebra has a (unique) canonical quantum vertex 
F((i:))-algebra structure, just as with weak quantum vertex algebras in |Li4j (see also 
[EKj ) . We furthermore establish certain general non-degeneracy results, analogous 
to those obtained in |Li4] . 

We note that this theory of quantum vertex F((t))-algebras has a great generality 
and our conceptual result is applicable to many better known quantum algebras, par- 
ticularly including quantum affine algebras. Take to be a highest weight module 
for a quantum affine algebra and set F = C. We show that the generating functions 
of the generators in Drinfeld's realization form a quasi S{xi,X2)-loca\ subset U of 
S{W). Therefore we have a weak quantum vertex C((t))-algebra C{{x)){U) with W 
as a canonical quasi module. To a certain extent, this solves the aforementioned 
problem, though we yet have to show that this weak quantum vertex C((t))-algebra 
is a quantum vertex C((t))-algebra, or sufficiently to show that it is non-degenerate. 

In the theory of (weak) quantum vertex F((t))-algebras, an important issue is 
about notions of module. Notice that for a quasi 5(xi, X2)-local subset U of £(W) 
with W a vector space as before, the weak quantum vertex F((t))-algebra ¥{{x)){U) 
has the natural module W (a vector space over F) and the adjoint module ¥{{x)){U) 
(a vector space over F((t))), which are significantly different. This leads to us to two 
categories of modules for weak quantum vertex F((t))-algebras. 

This paper is organized as follows: In Section 2, we study notions of nonlocal 
vertex F((t))-algebra and weak quantum vertex F((t))-algebra. In Section 3, we 
study notions of quantum vertex F((t))-algebra and non-degeneracy. In Section 
4, we give a conceptual construction of nonlocal vertex F((t))-algebras and weak 
quantum vertex F((t))-algebras. In Section 5, we present two existence theorems. 
In Section 6, we associate weak quantum vertex C((t))-algebras to quantum affine 
algebras and we construct a quantum vertex C((t))-algebra from a certain quantum 
/37-system. 

2 Nonlocal vertex F((t))-algebras and weak quan- 
tum vertex F((t))-algebras 

In this section, we define notions of nonlocal vertex F(()f:))-algebra and weak quantum 
vertex F((i:))-algebra, and we study what we call type zero modules and type one 
modules for nonlocal vertex F((t))-algebras. We also present some basic axiomatic 
results. 
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We begin by fixing some basic notations. In addition to the standard usage of 
symbols Z and C, we use N for the set of nonnegative integers. We shall use the 
standard formal variable notations and conventions as in |FLMj and |FHLj (cf. [LL] ). 
Letters such as t,x,y, z,xq,xi,X2, ■ ■ ■ stand for mutually commuting independent 
formal variables. We shall be working on a scalar field F of characteristic zero, 
where typical examples of F are C and the field C((t)) of lower truncated formal 
Laurent series in t. Denote by F((a;i, . . . ,Xr)) the algebra of formal Laurent series 
which are globally truncated with respect to all the variables. By F*(a;i,a;2, . . . ,Xr) 
we denote the extension of the algebra F[[xi, X2, . . . , Xr]] of formal nonnegative power 
series by joining the inverses of nonzero polynomials. 

We recall the iota maps from [Li3], which will be used extensively. For any 
permutation (ii, ^2, ■ ■ ■ ,ir) on {1, . . . , r}, 

Lx,^,...,x„. ■ F*(xi,X2, ...,Xr)^ ]F((a;iJ) ■ ■ ■ ((xij) (2.1) 

denotes the unique algebra embedding that extends the identity endomorphism of 
F[[a;i, . . . ,0;^]] (cf. |FHLj ). Note that both ¥^{xi, . . . ,Xr) and ¥{{xi^)) ■ ■ ■ {{xi^)) 
contain F((a;i, . . . , Xr)) as a subalgebra. The map txij,...,^^^ preserves F((a;i, . . . , Xr)) 
element-wise and is F((xi, . . . , Xr))-linear. 

We recall the notion of nonlocal vertex algebra ( |Lil] . |Li3] : see also [K], |BK] ). 
which is essential to this paper. 

Definition 2.1. A nonlocal vertex algebra over F is a vector space V, equipped with 
a linear map 

Y{-,x) : 1/ ^ Hom(V, V((x))) C {EndV)[[x, x'^]], 

V Y{v,x) = '^VnX''^'^ (with f„ e EndV^) 

ngZ 

and a distinguished vector 1 E V, satisfying the conditions that 

Y{l,x)v = v, Y{v,x)l E V[[x]] and \imY{v,x)l = v for v E V, 

and that for u,v,w E V, there exists a nonnegative integer / such that 

{xq + X2yY{u, Xq + X2)Y{v, X2)w = {xq + X2)'F(F(m, Xo)v, X2)w 

(the weak associativity). 

The following two notions can be found either in |Lilj or |Li3] : 

Definition 2.2. Let V be a nonlocal vertex algebra. A V -module is a vector space 
W equipped with a linear map 

Yw{-,x) : V ^}lom{W,W{{x))) C (EndW^)[[x, x"^]], 
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satisfying the conditions that 

Y\y{1,x) = Iw (the identity operator on W) 

and that for m, f G V, w G W, there exists a nonnegative integer / such that 

(xo + X2)'1V(m, Xq + X2)Ywiv, X2)w = (xq + a:;2)^lV(F(M, Xo)v, X2)w. 

The notion of quasi V -module is defined as above with the last condition replaced 
by a weaker condition that for -u, f G V, w G W , there exists a nonzero polynomial 
p(xi,X2) G F[xi,X2] such that 

p{xq + X2, X2)Yw{u, Xq + X2)yvi/(t;, ^2)^ = p{xq + X2, X2)1V(F(m, Xo)v , X2)w . (2.2) 

The following follows immediately from |LTWj (Lemma 2.9): 

Proposition 2.3. Let V he a nonlocal vertex algebra. In the definition of a V- 
module, in the presence of other axioms weak associativity can be equivalently re- 
placed by the condition that for u,v ^ V, there exists A; G N such that 

{xi - X2)''Yw{u, xi)Yw{v, X2) G Hom(iy, W{{xi, X2))), 

XqYw{Y{u,Xo)v,x) = {{Xi - X2)''Yw{u,Xi)Yw{v,X2)) 

Remark 2.4. For A{xi,X2) G B.om{W,W{{xi)){{x2))) with W a vector space over 
F, we have been using the convention 

A{Xi,X2)\xi=xo+X2 = A{xo + X2,X2) = ixo,X2M^O +X2,X2). 

Note that the substitutions A{x2 + Xq, X2), A{xi, Xi + Xq) and A{xi,Xo + Xi) do not 
exist in general. On the other hand, for E{xi,X2) G B.om{W,W{{xi,X2))), all the 
substitutions E{xo + X2,X2), E{x2 + xo,X2), E{xi,xi — xq), and E{xi, —xq + xi) 
exist, and we have 

{E{xi, X2)\x2=xi—xo) \xi=X2+xo — E(^Xi, X2)\xi=X2+xo- (2-3) 

Let F be a field of characteristic zero as before and let t be a formal variable. 
Notice that as F((t)) is a field containing F as a subfield, every F((t))-module is 
naturally a vector space over F. 

Definition 2.5. A nonlocal vertex ¥{{t))- algebra is a nonlocal vertex algebra V over 
F, equipped with an F((i(;))-module structure, such that 

Y{f{t)u,x){g{t)v) = f{t + x)g{t)Y{u,x)v (2.4) 

for f(t),g(t) G F((t)), u,v where it is understood that 

/(t + a;) = e-^/(t)GF((t))[[x]]. 

A homomorphism of nonlocal vertex F((t))-algebras is a homomorphism of nonlocal 
vertex algebras over F, which is also F((t))-linear. 
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Definition 2.6. Let V he a nonlocal vertex F((t))-algebra. A V -module of type zero 
is a module {W, Yy/) for V viewed as a nonlocal vertex algebra over F, satisfying the 
condition that 

YwUit)v, x)w = f{x)Yw{v, x)w for f{t) G F((t)), v e V, w e W. (2.5) 

We define a notion of quasi V -module of type zero in the obvious way — with the 
word "module" replaced by "quasi module" in the two places. 

The following immediately follows from the corresponding results for nonlocal 
vertex algebras (see [Li3] ): 

Lemma 2.7. Let V he a nonlocal vertex ¥{{t))- algebra and let T) he the ¥-linear 
operator on V defined hy Vv = V-2I for v & V. Then 

Y{v,x)l = e''^v, (2.6) 

[V, Y(v, x)] = Y(Vv, x) = -^Y(v, x), (2.7) 

dx 

e^''{f{t)v) = fit + x)e^''v for f{t) e F((t)), v E V. (2.8) 
Furthermore, for any type-zero quasi V -module (W, Yw) we have 

YwiVv, x) = ^Ywiv, x) for v e V. (2.9) 
ax 

Note that as + is a derivation of F[[xi,a;2]], e**^^/^^^"*"^/^^^^ is an algebra 
embedding of F[[xi,X2]] into F[[t, xi, 0:2]] with 



e 8-2;F[a;i,X2] C ¥[t,Xi,X2]. 

Consequently, this gives rise to an algebra embedding of F*(a;i,a;2) into F*(t, xi, 0:2), 
where for f{xi,X2) G F^,(xi,X2), 

e<air + l4)/(xi,X2) = /(Xi+t,X2 + t) e F,(t,Xi,X2). 

We now define the main object of this paper. 

Definition 2.8. A weak quantum vertex ¥{{t))-algehra is a nonlocal vertex ¥{{t))- 
algebra V, satisfying the condition that for any u,v eV, there exist 

y» e V, fi{xi, X2) e ¥,{xi, X2) (i = 1, . . . , r) 

such that 

Xq^6 ( — — — ] Y{u,xi)Y{v,X2) 

f^^l^] V it,.,MMt + xut + X2))Y{v(^\ X2)r(M«, Xi) 
V -xo ) 

= X2-^5(^^i^^F(F(M,xo)t;,X2) (2.10) 
(the St{xi,X2)-Jacohi identity). 
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In the following we study certain axiomatic aspects. For convenience we recall 
from [LilJ the following result (cf. |FHLj ): 

Lemma 2.9. Let W be a vector space overW and let 

A{xi,X2) G W{{xi)){{x2)), B{xi,X2) G W{{x2)){ixi)), C{xo,X2) G W{{x2)){ixo)). 
Then 

( — — — ) A{xi, X2) - Xq^6 ( — — — ] B{xi,X2) 
\ xo J V -^0 J 

= X2^6 ( — — — ] C{xo, X2) 

\ X2 J 

if and only if there exist nonnegative integers k and I such that 

{xi - X2)^A{xi, X2) = {xi - X2)^B{xi, X2), 
{Xo + X2yC{Xo, X2) = (Xo + X2yA{xo + X2, X2). 

As weak associativity holds for every nonlocal vertex algebra, in view of Lemma 
12.91 we immediately have: 

Proposition 2.10. In Definition \2.8\ the St{xi,X2)-Jacobi identity axiom in the 
presence of other axioms can be equivalently replaced by X2)-locality: For 

u,v E V, there exist 

u^'\v^''^ eV, /i(xi,X2) G F,(xi,X2) (i = l,...,r) 

such that 

{xi - X2)''Y{u, Xi)Y{v, X2) 

r 

= J2^x, - X2fit,.,,., {f\{xi +t,X2 + a;2)r xi) (2.11) 

i=l 

for some nonnegative integer k depending on u and v. 
We also have: 

Proposition 2.11. Let V be a nonlocal vertex ¥{{t))-algebra and let 

u, V, u^^\ w^*^ G V, /i(xi,a;2) G F*(xi,X2) (z = l,...,r). 
Then ^2.11\) holds for some nonnegative integer k if and only if 

r 

Y{u,x)v = ^6i,,(/,(a: + t,t))e^^F(t;«,-x)M«. (2.12) 

i=l 



Proof. We follow the proof of the analogous assertion for ordinary vertex algebras 
in [LLj . Assume that fl2.1ip holds for some 6 N. We can choose k so large that 

x''Y{v'-'\ x)u^'^ e V[[x]] for z = 1, . . . , r. 

Let p{xi,X2) G F[xi,X2] be a nonzero polynomial such that 

p{xi, X2)fi{xi,X2) e ¥[[xi, X2]] for z = 1, . . . , r. 

Using (12.111) and the P-properties in Lemma [2.71 we have 

p{Xi +t,X2+ t){xi - X2)^Y{u, Xi)Y{v, X2)l 
r 

= ^(a;i - X2)^pixi +t,X2 + t)it,cc,,x^ifiixi + t, + t))Y{v^'\ X2)Y{u^'\ xi)l 



i=l 



^(xi - X2f{pfi){xi + t, X2 + t)y X2)e^ 

i=l 
r 

Y,{xi - X2)\pfi){xi +t,X2 + t)e^^^F(t;«, X2 - x^Y 

i=l 
r 

+t,X2 + t)e^^^[(xi - X2)'Y{V^'\ -Xi + X2)U^% 



i=l 



Notice that it is safe now to set X2 = ^- By doing so we get 

p{xi + t, t)x\Y{u, Xi)v 

r 

1=1 



i=l 

By cancellation (namely, multiplying both sides by Lt,x-i{xi'' /p{xi +t,t))) we obtain 

r 

Y{u,x,)v = 5^.i,,,(/,(xi+t,t))e^i^y(t;«,-Xi)M«. 

i=l 

On the other hand, assume that this skew-symmetry relation holds. By Propo- 
sition 12. 3[ there exists G N such that 

(xi - X2)''Y{u, xi)Y{v, X2) e Hom(V, ^^((xi, X2))), 

XqY{Y{u,Xo)v,X2) = ((Xi - X2)''Y{u,Xi)Y{v,X2)) \x^=x2+xo; 

(xi - X2)^r(t;«, X2)F(m«, xi) G Hom(V, \/((xi, X2))), 
x'^Y{Y{v^'\-xoW\x^) = ((xi - X2)'=r(i;«, X2)r (n«, xi)w) \x,=x,-xo, 
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and such that 

lying in F((t))[[xi, X2]] for i = 1, . . . ,r (recall Lemma [6. 12 p . Set 

r 

E{xuX2) = J2^t'^2,cci{fi{t + xi,t + X2)){xi-X2y''Y{v^'\x2)Y{u^'\xi). 

i=l 

Then 

E{xi,X2) e Hom(V, V((xi,X2))). 
Using the skew-symmetry relation and the basic P-properties we get 

Y{Y{u, Xo)v,X2) 

r 

i=l 
r 

= 't,x2,xo{Mt + X2 + xo,t + X2))r(e""^r(t;«, -xo)m«, X2) 
1=1 

r 

= Y^k,X2,xo{fi{t + X2 + Xo,t + X2))Y{Y{v^'\ -xo)u^'\x2 + Xo). 
i=l 

Then 

xl'^Y{Y{u, Xo)v, xi — Xo) 

r 

= ^t^^u^oi^ofiit + xut + xi- xo))x^oY{Y{v'-'\ -xo)u^"\xi) 

i=l 

r 

= k,xi,xoixQfi{t + Xi,t + Xi- Xq)) 

1=1 

• {{Xi- X2)^Y{v^'\x2)Y{u^'\xi)) \x2=x,-xo 

r 

,Xl,X2 X2=Xl—XQ 

1=1 

■ ((Xi - X2)'Y{V'^^,X2)Y{U^'\ Xi)) \x2=x,-xo 
Y''t'^2,xi{fi{t + Xi,t + X2)){xi-X2f''Y{v'^'\x2)Y{u'^'\xi) \ 

X2=Xi—Xo 

J=l / 

E(^Xi, X2)\x2=xi—xo: 

where we are using the basic facts from Lemmas 16.111 and 16.121 Thus 

((Xi - X2)^''y(M,Xi)y(t;,X2)) \xi=X2+xo 

= xl''Y{Y{u,Xo)v,X2) 

{E(^Xi, X2)\x2=xi—xo) \xi=X2+xo 
= E{xi,X2)\xi=X2+xo- 

10 



It follows that 



(xi - X2)'^''Y(u, Xi)Y(v, X2) = E(xi,X2) 



(Mt + x^,t + X2)){x, - X2f'Y{v^'\x2)Y{u^'\x^), 



i=l 



proving (12.111) . □ 

As an immediate consequence we have: 

Corollary 2.12. A nonlocal vertex F{{t))-algebra V is a weak quantum vertex¥{{t))- 
algebra if and only if for any u,v E V, there exist 

u^'\ v^'^eV, /i(xi,X2) G F,(xi,X2) (i = l,...,r) 

such that 

r 

Y{u,x)v = Y,'tAMx + t,t))e^^Y{v'~'\-x)u^'\ 

i=l 

The following result implies that if V is a weak quantum vertex F((t))-algebra, 
for any type zero l^-module W, a variant of iSi(xi, X2)-Jacobi identity fl2.10p holds: 

Proposition 2.13. Let V be a nonlocal vertex ¥{{t))-algebra, let {W,Yw) be a type 
zero V -module, and let 

u, V, u^'\ -yW g V, fi{xi,X2) e F,(xi, X2) (i = 1, . . . , r). 

Assume that ^2.11\) holds for some nonnegative integer k. Then 

Xq^6 ( — — — ) Yw{u,xi)Yw{v,X2) 

-y2^o^^ \~ — ~) ^X2,xi{fi{XuX2))Yw{v'-'\x2)Yw{u^'\xi) 

= x:^h(^^^^^Yw{Y{u,x,)v,X2). (2.13) 

Proof. Since Yw{f{t)a,x) = f{x)Yw{a,x) for f{t) G F((t)), a eV, using Proposi- 
tion 12.111 and Lemma 12.71 we get 

Yw(Y{u, xo)v,X2) 

r 

= J2^w {k,.o{Mt + xo, t))e"«^Fiy (t;«, -xo)n«, 0:2) 

i=l 
r 

= J]^x.,xo(/.(^2 + a;o,a;2))lV(e^°^r(t;«,-Xo)M«,a;2) 

i=l 
r 

= YLx2,xo{fiix2 + Xo,X2))Yw(Y{v^'\-Xo)u^'\x2 +Xo). 
i=l 

Then it follows from the second half of the proof of Proposition 12.111 □ 
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Next, we study another category of modules for nonlocal vertex F((t))-algebras. 

Definition 2.14. Let be a nonlocal vertex F((i(:))-algebra. A type one (resp. 
quasi) V -module is an F((t))-module W which is also a (resp. quasi) module for V 
viewed as a nonlocal vertex algebra over F such that 



for fit), g{t)e¥m, veV,weW. 

We have the following simple fact: 

Lemma 2.15. Let V be a nonlocal vertex ¥{{t))-algebra. a) Let W be a type one 
quasi V -module and let U be a quasi submodule of W for V viewed as a nonlocal 
vertex algebra over F. Then U is an ¥{{t)) -submodule of W . b) Let U and W be 
type one quasi V -modules and let ip : U ^ W be a homomorphism of quasi modules 
for V viewed as a nonlocal vertex algebra overF. Then ip is ¥{{t)) -linear. 

Proof. For a), by assumption, U is an F-subspace of W, which is closed under the 
action of V. For f{t) G F((t)), w eU,we have 



which implies f{t)w G U. Thus U is an F((t))-submodule of W. 
For b), we are given that ip is an F-linear map such that 

ip(Yu{v,x)u) = Yw{v,x)4'{u) for V G V, u E U. 

For fit) G F((t)), u eU, we have 

i:{f{t + x)u) = ij{Yu{f{t)l, x)u) = YwUm, x)ij{u) = f{t + x)V^(m), 

which implies tp{f{t)u) = f{t)il){u). Thus ip is F((t))-linear. □ 

The same proof (the second half) of Proposition 12.111 yields the following analog 
of Proposition 12.131 

Proposition 2.16. Let V be a nonlocal vertex ¥{{t))- algebra, let (W,Yw) be a type 
one V -module, and let 



Yw{f{t)v,x){g{t)w) = f{t + x)g{t)Yw{v,x)w 



(2.14) 



f{t + x)w = fit + x)Yw{l, x)w = Yw{f{t)l, x)w G U{{x)), 



M, V, u^'\ v^^ G V, /i(xi, xa) G F^xi, X2) (i = 1, . . . , 



r). 



Assume that ^2.11\) holds for some nonnegative integer k. Then 




r 



) 



X2 — Xi 



k,x2,xi {fi{t + xi,t + X2))Yw{v^'\x2)Yw{u^'\xi) 



i=l 



-Xq 




(2.15) 
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In the following two lemmas, we present some technical results which we shall 
need in later sections. 

Lemma 2.17. Let V be an ¥{{t))-module and a nonlocal vertex algebra over F. 
Assume that there exists a subset U ofV such that¥{{t))U generates V as a nonlocal 
vertex algebra over F and such that 

Y{f{t)u, x)g{t) = fit + x)g{t)Y{u, x) for f{t),g{t) e F((t)), ueUU{l}. 

Then V is a nonlocal vertex ¥{{t))- algebra. 

Proof Set 

K = {veV\ Y{fit)v, x)g{t) = fit + x)g{t)Y{v, x) for f{t),g{t) e F((t))} . 

We must prove V = K. It is clear that K is an F((f))-submodule. From assumption 
we have ¥{(t))U U {1} C K, so that K generates V as a nonlocal vertex algebra. 
Now, it suffices to show that K is closed. Let u,v & K, f{t),g{t) e F((t)). For any 
w & V, there exists / G N such that 

{xo + X2yY{Y{f{t)u, xo)v, X2)g{t)w = {xq + X2)^Y{f{t)u, xq + X2)Y{v, X2)g{t)w 

{xq + X2y'Y{u, Xq + X2)Y{v, X2)w = {xq + X2)''Y{Y{u, Xq)v, X2)w. 

Then 

{xq + X2)^Y{f{t + xq)Y{u, xo)v, X2)g{t)w 
= (xo + X2yY{Y{f{t)u, x^)v, X2)git)w 

= {xq + X2fY{f{t)u, Xq + X2)Y{v, X2)g(t)w 

= {xo + X2yf{t + Xo + X2)Y{u, Xo + X2)Y{v, X2)g{t)w 

= {xq + .T2)'/(t + .To + X2)g{f)Y{u, Xo + X2)Y {v , X2)w 

= {xo + X2yf{t + Xo + X2)g{t)Y{Y{u, Xo)v, X2)w. 
Note that as Y{u,xo)v e V{{xo)), both expressions 

Y{f{t + xo)Y{u,xo)v,X2)g{t)w and f{t + xo + X2)g{t)Y{Y{u,xo)v,X2)w 
lie in y((x2))((xo)). It follows that 

Y{f{t + xo)Y{u, xo)v, X2)g{t)w = f{t + xq + X2)g{t)Y{Y{u, xo)v, X2)w. 
We note that this also holds with f{t) replaced by its derivatives of all orders. 
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Next, we show UmV G -ft' for m G Z by using the above information. Let m G Z 
be arbitrarily fixed. Choosing k E Z such that x^'^''Y{u, Xo)v G V[[xo]], we get 

Y{f{t)umV,X2)g{t)w 
= Res^,x'^Y{f{t)Y{u,xo)v,X2)g{t)w 
= Res^oX;{'F(e-'^°H/(t + xo)Y{u, xo)v, X2)g{t)w 

= + xo)Y{u, xo)v, X2)g{t)w 

n=0 

= ReS,„ V izll!a;-+ny.(n) + + X2)^(t)F(F(M, x^)v, X2)W 
n=0 

= Res^^x"^ (e""^"^ /(t + Xq + X2)^ g{t)Y(Y{u, Xo)v, X2)w 

= fit + X2)git)Y{UmV,X2)w. 

Thus UmV G K. This proves that K is closed, concluding the proof. □ 

For F{xi, X2), G{xi,X2) G a;^^]], we define F ~± G if 

(xi ± X2YF = (xi ± X2yG 

for some p G N. It is clear that the defined relations "~±" are equivalence relations. 

Let U he a subset of a nonlocal vertex F((t))-algebra V. We say U is St-local if 
the iSi-locality condition in Proposition 12.101 holds with U in place of V. 

We have (cf. |Li4], Lemma 2.7; |LTWj . Proposition 2.6): 

Lemma 2.18. Let V be a nonlocal vertex ¥{{t))-algebra. Assume that there exists 
an Sflocal subset UofV such that W{{t))U generates V as a nonlocal vertex algebra 
over ¥. Then V is a weak quantum vertex ¥{{t))-algebra. 

Proof. First we introduce a technical notion. We say that an ordered pair {A, B) of 
subsets of V is iSj-local if for any a G A, b E B, there exist 

g 5© g /i(xi, X2) G F*(xi, X2) {i = l,..., r) 

such that 

r 

Y{a,xi)Y{b,X2) ~- J]^t,x.,.i(/.(t + xi,t + X2))y(6(*\x2)r(a«,xi), 
or equivalently (in view of Corollary I2.12p 

r 

Y{a, x)b = kAMt + X, t))e^'^y(6«, -x)a«. 
1=1 
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It is clear that if {A,B) is 5rlocal, so is {¥{{t))A,¥{{t))B). For any subset A of V, 
we set 

A^^) = F((t))-span{M„f \u,v e A, n e Z} C V. 

We are going to prove that if an ordered pair {A,P) of F((t))-sub modules of V 
is iSj-local, then {A, P^"^^) and {A^'^\ P) are iSrIocal. Then it follows from this and 
induction that ((F((t))f/), (F((t))f/)) is iSt-local. Therefore, \^ is a weak quantum 
vertex F((t))-algebra. 

We first prove that {A, P^'^^) is iSr local. Let a G A, u,v E P. By iSr locality and 
by Proposition 12.111 there exist 

fi{xi,X2),gij{xi,X2) G F,(xi,X2), a^'^a^'^') G A, u^^,v^^^ e P 

for 1 < i < r,l < j < s, such that 

r 

y (a, X2)v ~_ ^ tt,^2,xi + xi,t + X2))Y{u^'\ X2)Y{a^'\ xi)v, 

1=1 

s 

F(a«,x)t; = J2^tA9^j{t + x,t))e^''Y{v^^\-x)a^^'^\ 

and 

^(mW, X2 - xi)Y{v'-^\ -xi)a'-'^^ ~_ X2)v''^\ -xi)a'''^\ (2.16) 

Then using the D-bracket-derivative property (12. 7p and weak associativity we get 
Y{a, xi)Y{u, X2)v 

r 

{f,{t + xi, t + X2))F(n», a;2)r (a», 

1=1 

r s 

~- 5^ it,.,,., (Mt + xi,t + X2))F(m», X2) J2 9vit + xi,t)e^'''Y{v^^\ -xi)a^'^^ 
i=i j=i 

r s 

't,.,,.Mt + xi, t + X2)gij{t + xi, t)e^^'^Y{u^\ X2 - x^)Y{v''^\ -x,)a^'^'> 

i=i j=i 

r s 

't,.,,.,m + xi, t + X2)gij{t + xi, t)e^^'^Y{Y{u^\x2)v^'\ -xM'^^ ■ 

i=i j=i 

That is, there exists a nonnegative integer k such that 

(xi - X2)^Y{a, xi)Y{u, X2)v 

r s 

= (Xi - X2f ^ ^ it,xi,X2 {fi{t + Xi,t + X2)gij{t + Xi, t)) 
i=l 3=1 

■e''^Y{Y{u^^,X2)v^'\ -xi)a^'^\ 
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As both sides involve only finitely many negative powers of X2, multiplying both 
sides by {xi — X2)~'^, we obtain 

Y(a,Xi)Y(u,X2)v 

r s 

= E E 't,-uxJi{t + xi,t + X2)gij{t + x^,t)e^'''Y{Y{u^'\x2)v^^\ -xi)a^'^\ 
i=i j=i 

It follows that (A,P(2)) is St-\ocal. 

Next, we prove that (A^'^\ P) is iS^-local. Let a,b G A, w E P. There exist 

fi{xi,x2),gij{xi,x2) e F,(xi,x2), a^'^\b^^^ e A, w^\w^'^^ e P 

for 1 < i < r, 1 < J < s, such that 

r 

Y{b, X2)w = J2 '^Mit + X, i))e^^y (^/;», 

i=l 

Y{a,Xi)Y{w^^,-X2)b^^ 

s 

~+ E 't,x„x,{gijit + xi,t- X2))Y{w^'^\ -X2)y(a(^^), 

Then we get 

Y{Y{a,xi)b, X2)w 
~+ Y{a,Xi-\- X2)Y{b,X2)w 

r 

F(a, X, + X2) J2 't,x, ifiit + X2, t))e^^^r -xs)^® 

i=l 

r 

~+ 5^ + X2, t))e^'''Y{a, -X2)6« 

•4 = 1 

r s 

~+ E E + X2, t)e-'''gij{t + x,,t- X2)Y{w^'^\ -X2)y (a(^^), 

1=1 j=i 

r s 

= EE ''*.-2,xi(/i(^ + 2^2, + xi + X2, t))e^'''Y{w^'^\ -X2)Y{a^'^\xi)b^^ . 

i=i j=i 

By a similar reasoning we obtain 

Y(Y{a, xi)b, X2)w 

r s 

= E E '^t,.,,.Ji{t + X2, t)gijit + x^ + X2, t)e-^'^Y{w^'^\ -X2)Y{a^'^\x^)b^'^ . 
i=i j=i 

It follows that {A'^'^\ P) is «St-local. Now, the proof is complete. □ 
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3 Quantum vertex F((t))-algebras and non-degeneracy 

In this section we formulate and study a notion of quantum vertex F((t))-algebra 
and we study Etingof-Kazhdan's notion of non- degeneracy for nonlocal vertex F((t))- 
algebras. As a key result we show that every non-degenerate weak quantum vertex 
F((t))-algebra has a canonical quantum vertex F((t))-algebra structure. In this sec- 
tion we also present some basic results on non- degeneracy. 

We begin with some basics on quantum Yang-Baxter operators. Let if be a 
vector space over F. The symmetric group S3 naturally acts on H®^ with a E S3 
acting as Pa which is defined by 

Pa{ui (g) M2 (8) ^3) = (g) M<^(2) (g) n^(3) for ui, M2, M3 G H. 

For 1 < i < j < 3, set Pij = Pf^ij) (with {ij) denoting the transposition). We have 

P12P23P12 = -P13 = -^23-^12-^23- 

Let P denote the flip operator on H ® H with P{u ®v) = v ®u ioi u,v E H . Then 

Pi2 = P® 1, P23 = 1 ® P- 
A quantum Yang-Baxter operator with two parameters on if is a linear map 

S{xi,X2) : H ®H ^ H (g) H (^¥^{xi,X2), 
satisfying the quantum Yang-Baxter equation 

5i2(a;i, a;2)5i3(xi, a;3)523(x2, 0:3) = 523(X2, X3)Si3{xi,X3)Si2{xi, X2), (3.1) 

where Sij{xi,Xj) are the linear maps from if®^ — > if®^ (g) ¥^{xi,Xj), defined by 
Si2{x, z) = S{x, z) ® 1, S23{x, z) = 1 (g) 5(x, z), and 

S,3{X,Z)=P23{S{X,Z)^1)P23. 

Furthermore, S{xi,X2) is said to be unitary if 

S2l{x2,Xi)S{Xi,X2) = I, (3.2) 

where S2i{x2,Xi) = PS{x2,Xi)P. Set 

R{xi,X2) = S{xi,X2)P : H ® H ^ H ® H ®¥^{xi,X2). (3.3) 
It is known that 03. ip is equivalent to the following braided relation 

^i2(a;i, a;2)i?23(a;i, X3)/?i2(x2, X3) = R23{x2, X3)i?i2(xi, a;3)i?23(a;i, X2). (3.4) 
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Definition 3.1. A quantum vertex ¥{{t))-algebra is a weak quantum vertex F((t))- 
algebra V equipped with an F- linear unitary quantum Yang-Baxter operator X2) 
(with two parameters) on V, satisfying the conditions that 

S{xi,X2){f{t)u (g) g(t)v) = f{xi)g{x2)S{xi,X2){u (g) v) (3.5) 

for f{t),g{t) G F((t)), u,v eV, and that for u,v eV, 

(xi - X2)''Y{v, X2)Y{u, Xi) 
r 

= ^(Xi - X2)''it,x^,X2ifiiXi +t,X2 + t))Y{u^'\xi)Y{v^'\x2) 
1=1 

for some nonnegative integer k, where m*-*-*, v^^\ fi (z = 1, . . . , r) are given by 

r 

S{Xi,X2){u®v) = ^M^*^ (8>f^*^ ® fi{Xi,X2), 
1=1 

and that 

d d 

[D 'S)l,S{xi,X2)] = --^S{xi,X2), [l'S)'D,S{xi,X2)] = --^S{xi,X2), (3.6) 

S{xi,X2){Y{x) ® 1) = {Y{x) ® 1)S23{X1, X2)Si3{xi + X, X2). (3.7) 

We modify Etingof-Kazhdan's notion of non- degeneracy (see fEK j ) as follows: 

Definition 3.2. Let V he a. nonlocal vertex F((t))-algebra. Denote by V'^^'' the 
tensor product space over F and define V®^ Kl F^(a;i, . . . , a;„) to be the quotient 
space of V"*^" (X> F*(xi, . . . , Xn) by the relations 

fi{t)v^'^ fn{ty^^ ® / = v'-'^ ® ■ ■ ■ ® ® /i(a;i) ■ ■ ■ /„(x„)/ 

for / G F*(xi, . . . ,x„), fi{t) G F((t)), G ^ (i = 1, . . . , n). We say that V is 
non-degenerate if for every positive integer n, the F-linear map 

: S F,(xi, ...,Xn) ^ ^((xi)) ■ ■ ■ {{Xn)) 

iv^'^ ® ■ ■ ■ ® t;(")) Mf ^ it,x„...,.Jit + xi, . . . , t + x^y (^;(i), xi) ■ ■ ■ Y{v^^\xn)l 
is injective. (One can see that Z„ is indeed well defined.) 

Remark 3.3. Given a nonlocal vertex F((t))-algebra V, let be an F-subspace 
such that V = F((t)) ®f We see that Z„ is injective if and only if the restriction 

ZO . (v^O)®n ^ jp^^^^^ . . . , X„) -> V^((Xi)) ■ ■ • ((X„)) 

is injective. For gi{x) G f((x)), f*^*-* G V° (i = 1, . . . ,r), we have 



Zi I J2 ^^"^ ® = E ^^(^ + a;)l = J2 9^it + x)e 

.1=1 / i=l i=l 

= e^''Y.g^{t)v^'^. 

i=l 

From this we see that Zi is always injective. 
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Actually, what we need in practice are certain variations of the maps Z^. 
Definition 3.4. For each n > 1, we define an F-linear map 

7r„ : V^«" K F,(xi, . . . , x„) ^ Hom(V^, V^((xi)) ■ ■ ■ ((a;„))) (3.8) 

by 

= k,x^,...,xj{t + Xu...,t + Xn)Y{v^^\xi) ■ ■ ■ Y{v^''\xn) 

for / G F^xi, . . .,Xn), v^^\ . . . , G V. 
Noticing that 

7r„(t;(i) ® ■ ■ ■ ® ® /)(1) = Zn{v^^'> ® ■ ■ ■ ® t;^") ® /), 

we see that the injectivity of Z„ implies the injectivity of 7r„. 
We follow [EKj to denote by 

Y{x): V ®V ^V{{x)) cV[[x,x-'^]] 

the F-linear map defined by Y{x){u ® f ) = Y{u,x)v for u,v & V. As a common 
practice, Y{x) is always extended: 

-.V (S)¥,{t,xi,...,Xk)iix)) {V (S)¥,{t,xu...,Xk))iix)), 

where 

O (g) /) = (g) t;) = (3.9) 

for u,v E V, / G F*(t, xi, . . . , a;fc)((a;)), where A; is a positive integer. 

The following, which is lifted from |EK] (Proposition 1.11), plays a very impor- 
tant role in the theory of quantum vertex F((t))-algebras: 

Theorem 3.5. Let V be a weak quantum vertex ¥{{t))-algebra. Assume that V is 
non-degenerate. Then there exists an ¥-linear map 

S{xi, X2) -.V ®V ^ ¥^{xi, X2), 

which is uniquely determined by the condition that for u,v E V, 

Y{v, X2)Y{u, xi)w ~„ Y{xi){l (g) Y{x2))iS{t + xi,t + X2)iu ^ v) ^ w) (3.10) 

for all w E V. Furthermore, S{xi,X2) is a unitary quantum Yang-Baxter operator 
on V, and V equipped with S{xi,X2) is a quantum vertex ¥{{t))-algebra. 
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Proof. First of all, with V non-degenerate, all the maps 7r„ {n > 1) are injective. 
Notice that 

Y{xi){l Y{x2)){S{t + Xi,t + X2){U ^ V) ® W) = {712S{XI,X2){U®V)) (w) . 

It follows that S{xi,X2) is uniquely determined by the very condition. 
Let u,v,w e V, f{t),g{t) G F((t)). We have 

® Y{x2))Suit + xi,t + X2)ifit)u ® g{t)v ® w), 
~_ Y{x2){l^Y{xi)){g{t)v® f{t)u®w) 
= fit + xi)g{t + X2)Y{x2){l ® Y{xi)){v ®u®w) 
~- fit + + X2)F(xi)(l ® Y{x2))Si2{t + Xi,t + X2){u ®v®w) 

= Y{xi){l (g) Y{x2))fit + Xi)g{t + X2)Si2{t + Xi,t + X2)(m ®v®w). 

As the first term and the last term both lie in V{{xi)){{x2)), the equivalence relation 
between them actually amounts to equality. With 112 injective, we obtain 

S{xi,X2)ifit)u'S) g{t)v) = f{xi)g{x2)S{xi,X2)iu®)v). 

The quantum Yang-Baxter relation, the unitarity, and the D-bracket-derivative 
property (13.61) follow from the same proof of Theorem 4.8 in |Li3] with obvious 
modifications. It remains to prove (13. 7p . For u,v,w,a G V, we have 

ReSx.x"F(xi)(l (g) F(x2)) {S{xi + t,X2 + t){Y{u, x)v ® w) ® a) 
~_ ReSxX'^Y{w,X2)Y{Y{u,x)v,Xi)a 

for any fixed n E'L. On the other hand, we have 

Y{w, X2)Y{u, z)Y{v, xi)a 
~_ Y{z){l®Y{x2)){l ® l®Y{xi))Si2{z + t,X2 + t){u®w®v®a) 

~_ Y{Z){1 ® ® 1 ® Y{X2))S2Z{XI +t,X2+ t)P2Z ■ 

■Si2{z + t,X2+ t)P2z{u ®v®w®a) 
= Y{z){l®Y{xi)){l®l®Y{x2))- 

■S2?,{xi +t,X2+ t)Si3{z + t, X2 + t){u ® V ® w ® a) . (3.11) 

Notice that for any u',v' G V, there exists a nonnegative integer k such that 

(xi -X2)''Y{u',Xi)Y{v',X2) G Hom(V, \/((xi,X2))), 

XqY(Y{u',Xo)v',X2) = ((Xi - X2)''Y{u,Xi)Y{v',X2)) \xi=X2+xo- 

Using (13.111) . by choosing k sufficiently large, we have 

x''Y{w, X2)Y{Y{u^ x)v, xi)a 
= {{z - Xi)''Y{w, X2)Y{u, z)Y{v, xi)a) \z=xi+x 
~_ x''Y{xi){Y{x)®l){l®l®Y{x2)) ■ 

■'523(a;i +t,X2 + t)Sis{xi + x + t, X2 + t){u ® v ® w ® a). 
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Thus 



Res3;X'"y(xi)(l (g) Y{x2)) +t,X2 + t){Y{u, x)v ^ w) ^ a) 

~_ Res^x"r(a;i)(r(x) ® 1)(1 ® 1 O ^(0:2)) ■ 

■'523(a;i + t, X2 + t)Si3{xi + x + t, X2 + t){u v ® w a) 

for any fixed n G Z. As both sides are in V{{xi)){{x2,x)), we have 

ReSa;a;''F(xi)(l (g) ^(0:2)) + t,a;2 + t)(F(M,a;)t; (g) w) (g) a) 

= Res^x"F(xi)(r(x) ® 1)(1 ® 1 F(x2)) ■ 

•'523(a;i +t,X2 + t)Sn{xi + x + t, X2 + t){u ^ v ^ w a) 
= Res^a;'^F(a;i)(l (g) Y{x2))iY{x) (g) 1 ® 1) ■ 

•523(a;i + t,X2 + t)iSi3(xi + x + t,X2 + t)(-u (g) V w ^ a). 

Since n is arbitrary, we can drop off Res^jX". Then (13. 7p follows. □ 

For the rest of this section we focus on non- degeneracy of nonlocal vertex F((t))- 
algebras. Let be a nonlocal vertex F((t))-algebra. From Lemma I2.15[ a V- 
submodule of V for V viewed as a nonlocal vertex algebra over F is the same as a 
y-submodule of V for V viewed as a nonlocal vertex F((t))-algebra. Furthermore, a 
module endomorphism for V viewed as a nonlocal vertex algebra over F is the same 
as a module endomorphism for V viewed as a nonlocal vertex F((t))-algebra. We 
denote by the adjoint \^-module. 

Proposition 3.6. Let V be a nonlocal vertex ¥{{t))-algebra such that V as a V- 
module is irreducible with Endv{V"^°'^) = ¥{(t)). Then V is non-degenerate. 

Proof. We are going to use induction to show that Zn is injective for every positive 
integer n, following the proof of a similar result in |Li4] . Recall from Remark 13.31 
that Zi is always injective. Now, assume that n > 2 and is injective. Let U 
be the quotient space of (g) F*(xi, . . . ,a;„), viewed as a vector space over F, 

by the relations 

= t;(')®---®t;(")®/2(x2)---/„(x„)/ 

for / G F*(xi,...,x„), fi{t) G F((t)), G V {i = 2, Note that U is 

naturally an F^,(xi, . . . ,a:n)-module while F*(xi, . . . is an algebra over F((xi)). 
Furthermore, viewing V as an F((a;i))-module with f{xi) acting as f{t), we have 

V^"" ^¥,{xi,...,Xn) = V U. 

Let B be the subalgebra of the endomorphism algebra EndF((t))(F) (over F((i))) gen- 
erated by Vn for 1; G V, n G Z. Then V is an irreducible 5- module with EndB(\^) = 
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F((t)). From |Li4j (Lemma 3.8), the kernel of Z„ is a 5 ®F((ti)) . . . , x„)- 

submodule of 1^®f((xi)) U (with B acting on the first factor). By a classical fact (cf. 
|Li2j . Lemma 2.10), we have ker = V ^r{(xi)) P for some submodule P of U. Let 
a G P C f/. There exists a nonzero polynomial q{xi, . . . , x„) such that 

q{xu . . . , a;„)a G ® f[[si, . . . , a;„]]. 

Write 

^(Xi, . . . , Xn)^ = ^ ^ 3^]^ 

with G (g) F[[a;2, . . . , As 1 (g) G ker Z„, we have G ker for 

m G Z. Then = for m G Z, and hence g(xi, . . . , x„)a = 0. Thus a = 0. This 
proves that P = 0, which implies that Zn is injective. □ 

Remark 3.7. Let be a nonlocal vertex F((t))-algebra and let J-" = {Pnlngiz be an 
increasing filtration of F((t))-submodules of V, satisfying the condition that 1 G Fo, 

UkFn C Fm+n-k-l foT U & F^, /c G Z, 771,71 & ^Z. 

Form the ^-graded F((t))-module 

Gr^(F) = ©„,i,(P„/P„_i/2). 
For u + Fm-i/2 e {Fra/Fra-1/2), V + P„_i/2 G (P„/P„_i/2) with m,n G ^Z, define 

(m + Pm-l/2)fc('i^ + Pn-1/2) = Wfcf + Pm+n-fc-3/2 ^ (Pm+n-fc-l/Pm+n-fc-3/2) 

for /c G Z. It is straightforward to show that Grjr[V) is a nonlocal vertex F((t))- 
algebra with 1 + P_i/2 as the vacuum vector (cf. |KL] ). 

Proposition 3.8. Let V be a nonlocal veriex ¥{{t)) -algebra with an increasing fil- 
tration T = {Pnjngiz of¥{(t))-submodules, satisfying the condition that P„ = for 
n sufficiently negative, 1 G Fq, and 

UkFn C Fm+n-k-i for u G Pm, G Z, m, 71 G ^Z. 

Assume that Grjr(V^) as a Gijr{y) -module is irreducible with End(Grjr(V^)™°'^) = 
F((t)). Then V as a V -module is irreducible with Endv(V"™°'^) = F((t)) and V is 
non- degenerate. 

Proof. Notice that the assertion on non-degeneracy follows from the other assertions 
and Proposition 13.61 The irreducibility assertion follows from Proposition 2.11 of 
[KL] . It remains to prove Endy(V""^°'^) = F((t)). Let ^ G Endy(\/'^°^). If ^(1) = 0, 
we have if) = Q e F((t)) as 

il){v) = tp{v^il) = v^iipll) = for f G K 
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Thus, 7^ for any nonzero ip G Endv'(V^™°*^). Assume ip ^ 0. Since 7^ 
and since F„ = for n sufficiently negative, there exists m G |z such that G 

— Fm-i/2- For V & V, we have 

Vn'ipil) = iJ^Vnl) = for n > 0. 

By Lemma 6.1 of [Li3j . we have a Grjr(y)-module endomorphism ip of Grjr(y), 
sending 1 + F_i/2 G -fo/-^-i/2 to + -^m/-^m-i/2- From assumption we have 
ijj = fit) for some f{t) G F((t)). As Grjr(V^) is |Z-graded, we must have that 
m = and ^/'(l) — G -F-i/2- If 7^ /(^)! with — /(t) in place of ip we have 

- /(t))(l) G Fo - F_i/2, a contradiction. Thus, ijj = f{t) e F((t)). □ 

Remark 3.9. Let be a nonlocal vertex F((t))-algebra and let S = {En}n& be an 
increasing filtration of F((t))-submodules of V, satisfying the condition that 1 G Eq, 

UkEn C Em+n for M G -E 

Form the Z-graded F((t))-module 

For u G Emi V & En with m,n & Z and for A; G Z, define 

[U + Em-l)k{v + En-i) = UkV + Em+n-l G 

It is straightforward to show that Gt£{V) is a nonlocal vertex F((i(:))-algebra with 
1 + E_i G Eq/E_i as the vacuum vector (cf. |Li4] ) . 

The following follows from the same proof of Proposition 3.14 of |Li4] (with 
obvious notational modifications): 

Proposition 3.10. Let V be a nonlocal vertex W{{t))- algebra and let £ = {En}n&z 
be an increasing filtration of ¥{{t))-submodules, satisfying the condition that En = 
for n sufficiently negative, 1 G Eq, and 

UkEn C Em+n foru e E mi n, k G Z. 

If Gt£{V) is non- degenerate, then V is non- degenerate. 

Let U he a nonlocal vertex F((t))-algebra and let K he a nonlocal vertex algebra 
over F. Equip U ® K with the F((t))-module structure with F((t)) acting on U and 
also equip U ® K with the nonlocal vertex algebra structure by tensor product over 
F. It can be readily seen that U ®K becomes a nonlocal vertex F((t))-algebra. Note 
that from Borcherds' construction of vertex algebras, F((t)) is a vertex algebra with 
1 as the vacuum vector and with 

Y{f{t),x)g{t) = {e^^^f{t))g(t) = f(t + x)g(t) 

for f{t),g{t) G F((t)). Thus, for any nonlocal vertex algebra over F, F((t)) (8) 
is a nonlocal vertex F((t))-algebra. We have: 
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Lemma 3.11. Let V'^ be a non-degenerate nonlocal vertex algebra overW. Then the 
nonlocal vertex ¥{{t))- algebra F((t)) (g> is non-degenerate. 

Proof. From Remark 13.31 for n> 1, Zn is injective if and only if the restriction 

ZO . (yO)^n ^ ^^(^^^ . . . , X„) (F((t)) ® V'){{xr)) ■ ■ ■ {{Xn)) 

is injective. Furthermore, we see that is injective if and only if its restriction on 
(\/°)®" O F[[xi, . . . , Xn]] is injective. Assume that A G (g) f[[xi, . . . , Xn]] such 

that Z^{A) = 0. By extracting the constant term in variable t, we see that A lies in 
the kernel of the Z„-map for V^. Then it follows. □ 



4 Conceptual construction of weak quantum ver- 
tex F((t))-algebras and their modules 

In this section, we present a conceptual construction of nonlocal vertex F((t))- 
algebras, weak quantum vertex F((t))-algebras, and their quasi modules of type 
zero, by using quasi compatible subsets and quasi X2)-local subsets of formal 
vertex operators. This construction is based on the conceptual construction in |Li3] 
of nonlocal vertex algebras and their quasi modules. 

We begin with the conceptual construction of nonlocal vertex algebras and their 
(quasi) modules, established in [Li3] . Let W he a vector space over F. Set 

S{W) = Rom{W,W{{x))) (C {EndW)[[x,x-^]]), (4.1) 

which contains the identity operator l^y on as a special element. 

Definition 4.1. A finite sequence ai(x), . . . , ar{x) in S{W) is said to be quasi com- 
patible if there exists a nonzero polynomial p{x, y) G F[x, y] such that 

I n p{.xuXj)\ai{xi)---ar{xr)eYLom{W,W{{xi,...,Xr))). (4.2) 

The sequence ai(a;), . . . , ar(x) is said to be compatible if there exists a nonnegative 
integer k such that 

n {xi-Xjf\ai{xi)---ar{xr)e}lom{W,W{{xi,...,Xr))). (4.3) 

\l<i<j<r / 

Furthermore, a subset T of £{W) is said to be quasi compatible (resp. compatible) 
if every finite sequence in T is quasi compatible (resp. compatible). 
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Let (a(x), b{x)) be a quasi compatible ordered pair in £(W). By definition, there 
exists a nonzero polynomial p{x,y) G F[a;,?/] such that 



p{xi,X2)a{xi)b{x2) e B.om(W,W{{xi,X2))). 



(4.4) 



Define a(x)„6(x) G S{W) for n G Z in terms of the generating function 



Y£{a{x), xo)b{x) = a{x)nb{x) 



n-l 



(4.5) 



by 



If (a(x),xo)6(x) 



= t. 




p(x + Xo, x) 



1 



{p{xi, x)a{xi)b{x)) 



xi=x+xo ■ 



(4.6) 



A quasi compatible F-subspace U of £{W) is said to be Y^-closed if 



a(x)„6(x) G t/ for a(x),6(x) G t/, n E Z. 



The following was obtained in [Li3J (though the scalar field therein is C, it is 
clear that the results hold for any field of characteristic 0): 

Theorem 4.2. Let W be a vector space overW and let U be a (resp. quasi) compatible 
subset of £{W). There exists a Yg-closed (resp. quasi) compatible subspace that 
contains U and Iw- Denote by (U) the smallest such subspace of S{W). Then 
(([/), Ff, Ivf) carries the structure of a nonlocal vertex algebra with W as a (resp. 
quasi) module where lV(a(x),xo) = a{xo) for a{x) G (U) . 

Let be a vector space over F as before. Notice that for any /(x) G F((x)), a{x) G 
£{W) (= }iom{W,W{{x)))), we have f{x)a{x) G £{W). Thus, £{W) is naturally 
an F((x))-module, namely, a vector space over the field V{{x)). 

We now present our first main result of this section. 

Theorem 4.3. Let W be a vector space over F and let U be any (resp. quasi) 
compatible subset of £{W). Let {U) be the Y^-closed (resp. quasi) compatible F- 
subspace of £{W) as in Theorem \4.2\ Then ¥{{x)){U) is a Y^-closed (resp. quasi) 
compatible ¥{{x))-submodule of £(W) . Furthermore, (¥{{x)){U),Ys,lw) carries the 
structure of a nonlocal vertex W{{t))-algebra, where 



and {W,Yw) carries the structure of a (resp. quasi) ¥{{x)){U) -module of type zero 
with Yw{a{x),Xo) = a{xo) for a{x) G F((x))(t/). 

Proof. This had been essentially proved in |Li3] though the notion of nonlocal ver- 
tex F((t))-algebra was absent. It was proved in |Li3] (Proposition 3.12) that if 



/(t)a(x) = f{x)a{x) for fit) G F((t)), a{x) G F((x))(t/) 
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(a(x),6(x)) is a quasi compatible ordered pair in S(W), then for any f{x),g{x) G 
f((x)), {f {x)a{x) , g{x)b{x)) is a quasi compatible ordered pair and 

Y£{f{x)a{x),xo){g{x)b{x)) = f{x + xo)g{x)Ys{a{x),xo)b{x). (4.7) 

It was also proved that the F((a;))-span of any F^-closed quasi compatible F-subspace 
of S{W) is quasi compatible and l^-closed. It can be readily seen from the proof 
that this is also true for compatible case. The rest follows from Theorem 14.21 □ 

We continue to establish a construction of weak quantum vertex F((t))-algebras. 

Definition 4.4. Let be a vector space over F as before. A subset U of S{W) is 
said to be quasi S{xi,X2)-local if for any a{x),b{x) G U, there exist finitely many 

u^'\x), v^'\x) eU, fi{xi,X2) e¥^{xi,X2) (i = l,...,r) 

such that 

r 

p{xi,X2)a{xi)b{x2) = y^^pixi,X2)tx2,xi {Mxi,X2))u^'\x2W'\x,) (4.8) 

1=1 

for some nonzero p{xi,X2) G F[xi,a;2], depending on a{x) and b{x). We say that U 
is S{xi, X2)-local if the polynomial p{xi, X2) is of the form {xi — X2)^ with G N. 

We note that a quasi iS(xi, X2)-local subset is the same as a pseudo- local subset 
as defined in jLi3j . The following is straightforward to prove: 

Lemma 4.5. The ¥{{x))-span of any (resp. quasi) S{xi,X2)-local subset of S{W) 
is (resp. quasi) S{xi,X2) -local. 

We also have: 

Proposition 4.6. Every (resp. quasi) S{xi,X2)-local subset U of £{W) is (resp. 
quasi) compatible. Furthermore, the ¥{{x))-submodule ¥{{x)){U) as in Theorem \4.3\ 
is (resp. quasi) S{xi,X2) -local. 

Proof. It was proved in |Li3] (Lemma 3.2 and Proposition 3.9) that if U is quasi 
iS(xi, a:2)-local, U is quasi compatible and (U) is quasi iS(xi, a;2)-local. Following 
the same proof with the obvious changes, we confirm the corresponding assertions 
without the word "quasi" in the three places. Then, by Lemma 14.51 ¥((x))(U) is 
(resp. quasi) iS(xi, a;2)-local. □ 

Furthermore, we have: 

Proposition 4.7. Let W be a vector space over¥ as before and let V be a Yg-closed 
quasi compatible ¥{{x))-submodule of S{W). Let 

a{x), b{x), u'-'^x), v'-'\x)eV, f\{xi,X2) e ¥^{xi,X2) {i = l,...,r). 
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Assume that there exists a nonzero polynomial p{xi,X2) G F[xi,X2] such that 

r 

p{Xi,X2)a{Xi)b{x2) = "^piXi, X2)Lx2,xi{fi{Xl, X2))u'^'\x2)v^'\xi). 

1=1 

Then 

{xi - X2)^Y£{a{x), X2) 

r 

= {Xi-X2)'''^Lx,x2,xAfi{x + Xi,X + X2))Y£{u'-'\x),X2)Y£{v'-'\x),Xi), (4.9) 

1=1 

where p{xi,X2) = {xi — X2Yq{xi,X2) with G N, g(xi,X2) G F[xi,X2] such that 
q{xi,xi) ^ 0. 

Proof. By Proposition 3.13 of |Li3] we have 

p{x + xi,x + X2)Ys{a{x) , Xi)Y£{b{x) , X2) 

r 

= p{x + Xi,X + X2) ^ tx,X2,xi{fi{x + Xi,X + X2))Y£{u^'\x), X2)Y£{v^'\x), Xi). 
i=l 

Note that 

p{x + xi,x + X2) = {xi - X2Yq{x + xi,x + X2). 

Write q{x + Xi, x + X2) = q{x, x) + Xig + X2h with g,h G ¥[x, Xi,X2]- As q{x, x) 7^ 0, 
by Lemma [6.121 we have 

t'x,xi,X2{q{x + Xi,X + X2)~^) = Lx,X2,xi{q{x + Xi,X + X2)""^) G F( (x) ) [[xi , X2]] . 

Then we can cancel the factor g(x + xi, x + X2) to obtain the desired relation. □ 

As our second main result of this section we have the following refinement of 
Theorem 14.31 

Theorem 4.8. Let W be a vector space over ¥ and let U be any (resp. quasi) 
S{xi,X2)-local subset of S(W). Then the nonlocal vertex V{{t))- algebra F((x))([/) 
which was obtained in Theorem \4.3\ is a weak quantum vertex ¥{{t))-algebra with W 
as a type zero (resp. quasi) module. 

Proof. Since a (resp. quasi) iS(xi, X2)-local subset is (resp. quasi) compatible by 
Proposition 14. 6[ the assertion on module structure follows from Theorem 14.31 As 
for the first assertion, by Proposition 14.61 F((x))(t/) is (resp. quasi) iS(xi,X2)- 
local. Then it follows from Proposition 14.71 that the nonlocal vertex F((t))-algebra 
F((x))(t/) satisfies iSt-locality. In view of Proposition 12.101 ^{.{x)){U) is a weak 
quantum vertex F((t))-algebra. □ 

We end this section with the following technical result: 
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Proposition 4.9. Let W be a vector space over ¥, let V be a Y^-closed quasi com- 
patible ¥{{x))-submodule of£(W), and let 

n e Z, a{x), b{x), u^'\x), v'^^{x)eV, /i(a;i, Xs) G F^xi, Xa) ('i = 1, . . . , r), 

c(°)(x),c(^)(x),...,c(^)(x) e V. 

Assume 

r 

(Xi - X2)"a(Xi)6(x2) - i-X2+ Xi)''^L^^^.^^{fi{Xi,X2))u'^'\x2)v'^'\xi) 

i=l 

Then 

{xi - X2)"l£-(a(x),xi)Ff (6(x),X2) 

r 

-(-X2 + + Xi, x + X2))Yeiu^'\x),X2)Yeiv^'\x),x,) 

i=l 

- (4.11) 

Proof. Let A; be a nonnegative integer such that A; > s + 1 and k + n > 0. Muhiplying 
both sides of fl4.10p by (xi — X2)^ we obtain 

r 

(xi - X2)'+"a(xi)6(x2) = (xi -X2)'=+"5^^.,,.,(/.(xi,X2))M»(x2)t;«(a;i), (4.12) 

as (xi — Xa)'^ (afi') ^T^*^ (^) ~ ^ ^"^^ < j < s. By Proposition 14. 7[ we have 
(xi -X2)"+'F^(a(x),xi)r^(6(x),X2) 

r 

= {xi - X2)"+'' Yl ^t,x2,x^ifiit + xi, t + X2))rf (m(^)(x), X2)y^(t;(^na;), 

i=l 

which together with weak associativity imphes (by Lemma 12. 9p 

Xq^6 ( — — - ] Y£{a{x),Xi)Y£{b{x),X2) 
\ Xo J 

-Xq^s(^^] y2't,-2,x^{fi{t + Xi,t + X2))Y£{u^'\x),X2)Y£{v^'\x),x,) 
\ -^0 J ^ 

= ^-^s(^^^)Ye{Ye{a{x),Xo)b{x),X2). (4.13) 



Xi 
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With (KT2\i we have 



Y£{a{x),XQ)b{x) = X, 



—n—k 




Res^, X, 6 




{{xi - x)''^''a{xi)b{x 



)) 




■ ) a{xi)b{x) 

Xo J 




'^lx,x^{fiiXi,x))u^'\x)v^'\xi), 



from which we obtain 

a{x)nb{x) = c^°^(x), a{x)n+ib{x) = c^^^(a;), . . . , a{x)n+sb{x) = c^*^(x), 
and a{x)mb{x) = for m > n + s. Then applying KeSx^XQ to (14.131) we obtain 



5 General existence theorems 

In this section we present two existence theorems for a nonlocal vertex F((t))-algebra 
structure and for a weak quantum vertex F((t))-algebra structure. These are analogs 
of the existence theorem in the theory of weak quantum vertex algebras (see |Li3] . 
|Li4j ) and in the theory of vertex algebras (see |FKRWj , |MPj ; cf . |LLj ) . 

We begin by reexamining Section 4 with F((t)) in place of F as the scalar field. 
Let W be an F((t))-module, namely a vector space over F((t)). By S{W) we mean 
the F((t))-module 



which is a canonical F((t))((x))-module. Let Ww denote W viewed as a vector space 
over F. We see that S{W) C S(Wr) and that every compatible subset of S(W) is 
also a compatible subset of S(Wr). 

As a convention, for f(t) G F((t)) we define 



The following is immediate: 

Lemma 5.1. Let W be an ¥{{t)) -module and let ti be another formal variable. Then 
S(W) becomes an ¥{(ti)) -module with 



dm]). 



□ 



£:(iy)=HomF((i))(W^,iy((x))), 



(5.1) 



fit + x) = it,xf{t + x) = e^^^fit) e F((t))[[x]] C F((t))((x)). 



/(ti)a(x) = fit + x)a{x) for f{t^) E ¥{{t^)), a{x) G £{W). 



(5.2) 



With this we have: 
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Proposition 5.2. Let W be an ¥{{t)) -module and let U he a compatible subset of 
8{W). Denote by {U)f the nonlocal vertex algebra over F generated by U . Then 
¥{{ti)){U)r is a nonlocal vertex ¥{(ti))- algebra, and W , viewed as an ¥{(ti)) -module 
with f(ti) G F((ti)) acting as f(t), is a module of type one. 

Proof. By Theorem 14.21 with F((t)) in place of F, U generates a nonlocal vertex 
algebra (U) over F((t)). Furthermore, by Theorem 14.31 the span ¥{{t)){{x)){U) is 
also a nonlocal vertex algebra over F((t)), satisfying the condition that 

Y£{g{x)a{x) , xo){h{x)b{x)) = g{x + XQ)h{x)Ys{a{x),XQ)h{x) 

for g{x),h{x) G F((t))((x)), a{x),b{x) G ¥{{t)){{x)){U) . From this we have 

Ye{f{t,)a{x),xo){g{t,)b{x)) = Ye{f{t + x)a{x),xo){g{t + x)b{x)) 

= f{t + x + Xo)g{t + x)Y£{a{x),Xo)b{x) 
= fiti + xo)g{ti)Y£{a{x),xo)b{x) 

ior f{ti),g{ti) GF((ti)), a{x),b{x) e ¥{{t)){{x)){U). It follows that F((t))((x))([/) is 
a nonlocal vertex F((ti))-algebra with ¥{{ti)){U)f as a subalgebra. Also, by Theorem 
14. 2[ is a module for ¥{{t)){{x)){U) viewed as a nonlocal vertex algebra over F((t)) 
with Yw{a{x),Xo) = a{xo) for a{x) G ¥{{t)){{x)){U). For f{ti) G F((ti)), a{x) G 
F((t))((x))(f/), w eW,we have 

Ywifi'ti)a{x),Xo)w = Ywifit + x)a{x),Xo)w = f{t + Xo)a{xo)w 
= fiti + xo)Yw{a{x),xo)w. 

Then the last assertion follows. □ 

Definition 5.3. Let W be an F((t))-module. A subset U of £{W) is said to be 
St-local if for any a{x), b{x) G U, there exist (finitely many) 

u^'\x),v^'\x) G U, fiixi,X2) G F,(a;i,a;2) (i = l,...,r) 

such that 

r 

{xi - X2)''a{xi)b{x2) = (xi -X2)'''^k,x2,xiifii^ + ^i^t + X2))u^'\x2)v^'\xi) (5.3) 

i=l 

for some nonnegative integer k depending on a{x) and b{x). 

With this notion we have: 

Theorem 5.4. Let W be an ¥{{t))-module and let U be an St-local subset of S{W). 
Then U is compatible. Furthermore, U is an St^-local subset of the nonlocal vertex 
¥{{ti))-algebra ¥{{ti)){U)f, which was obtained in Proposition 15.4 and ¥{(ti)){U)r 
is a weak quantum vertex ¥{(ti))- algebra and W , viewed as an ¥{{ti)) -module with 
f(ti) G F((ti)) acting as f{t), is a module of type one. 
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Proof. Let /(xi,X2) GF*(xi,X2). We have f(t + Xi,t + X2) E ¥^{t,Xi,X2) with 

Lt,X2,xJ{t + Xi,t + X2) e ¥{{t)){{x2)){{xi)). 

We can also view fit + xi,t + X2) as an element of F{{t))^{xi,X2) (with F((t)) as the 
scalar field), which we denote by ft{xi,X2), noticing that for q/p G ¥^{xi,X2) with 
q G F[[xi,a;2]], p G F[a;i,a;2], we have 

q{t + Xi,t + X2) G F[[t,Xi,X2]] C F((t)) [[xi, X2]], 
p{t + Xi,t + X2) G F[t,xi,a;2] C F((t))[xi, X2]. 

With the iota-map i.x2,xi '■ F((t))*(xi, X2) — > F((t))((a;2))((xi)), we have 

^x2,xJt{xi,X2) G F((t))((a;2))((a;i)). 

It is straightforward to show that 

^X2,Xl ft{Xi,X2) = Lt 

,X2,Xl 

f{t + Xi,t + X2). 

In view of this, we see that an iSt-local subset of S{W) is also an S{xi, X2)-local subset 
with F((t)) in place of F. By Proposition I4.6[ every iS^-local subset is compatible. 
Let a{x),b{x) G U. There exist 

u^'\x),v^^{x) eU, /»(xi,X2) G F,(xi,X2) (i = l,...,r) 

such that f l5.3p holds for some nonnegative integer k. Viewing fi{t + Xi,t + X2) as 
elements of F((t))*(xi, X2), from Proposition 14.91 with F((t)) in place of F, we have 

(xi - X2)''Ys{a{x), xi)Ys{b{x), X2) 

r 

= {Xl - X2)^ ^t,x,X2,xAfiit + X + Xi,t + X + X2))Y£{u^^{x),X2)Y£{v^\x),Xi) 

i=l 
r 

= {Xi -X2)''^iti,x2,xi(/i(^l + Xi,ti+ X2))Y£{u^'\x),X2)Y£{v^'\x),Xi). 
1=1 

This proves that U is an -local subset of the nonlocal vertex F((ti))-algebra 
W{{ti)){U)w. Then by Lemma [2J81 W{{ti)){U)w is a weak quantum vertex F((ti))- 
algebra. The last assertion on module structure has already been established in 
Proposition 15.21 □ 

Now, we are ready to present our first existence theorem. 

Theorem 5.5. Let V be an ¥{{t))-module, 1 a vector ofV, V an ¥-linear operator 
on V, U an ¥{(t))-submodule ofV, 

Yo{;x) : f/^£(V) = Hom,((i))(V,\/((x))) 

U H-> Yo{u, x) = u{x) = UnX^""^^, 

nei, 
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an ¥-linear map, satisfying all the following conditions: VI = 0, 

V{f{t)v) = f{t)Vv + f'{t)v for fit) e F((t)), V e V, 
[D,Yo{u,x)] = —Yo{u,x), 
Yq{u,x)1 G V[[x]] and \imYQ{u,x)l = u, 

x—^O 

Yo{f{t)u,x) = f{t + x)Yo{u,x) forueU, /(t) G F((t)), 

{Yo{u,x) I u G U}, denoted by U{x), is compatible, and V is linearly spanned over 
F((t)) by the vectors 

for r > 0, M^*) E U, rrii E Z. Suppose that there exists an ¥-linear map tp^ from V 
to ¥{{t)){{x)){U{x)) such that 

Mfit)v) = fit + x)Mv) for fit) E F((t)), V E V, 

ipxi'i) = Iv, ■ipxiunv) = uix)ni'xiv) foruEU,nEZ,vEV. 

For V E V, set = ipxi^) E SiV). Then extends Yoi-^x), and (V,F, 1) 

carries the structure of a nonlocal vertex ¥iit))-algebra. Furthermore, if Uix) is 
Sflocal, V is a weak quantum vertex ¥iit))-algebra. 

Proof. First consider the case with 1 E U. Then F((t))l C U. Since (/(t)l)_il = 
fit)l for fit) E F((t)), we see that V is actually linearly spanned over F by those 
vectors in the assumption. It follows from [Li3j (Theorem 6.3) that (V, Y, 1) carries 
the structure of a nonlocal vertex algebra over F. It is clear that U generates V as 
a nonlocal vertex algebra over F and we have 

Yifit)u, x)git) = Yoifit)u, x)git) = fit + x)git)Yoiu, x) = fit + x)git)Yiu, x) 

for fit), git) E F((t)), u E U. It follows from Lemma 12.171 that is a nonlocal 
vertex F((t))-algebra. Furthermore, if {YQiu,x) \ u E U} i= Uix)) is iS^-local, it 
follows from Lemma [2.181 that V is a weak quantum vertex F((t))-algebra. 

Now, assume 1 ^ U. Then U n F((t))l = 0. Set U = U ® F((t))l. Extend the 
map Yq to U by defining Fo(/(t)l, x) = fit + x) for fit) E F((t)). We have 

[V,Yoifm,^)] = [1^Jit + x)] = fit + x) = -^Yoifit)l,x), 
Yoifit)l,x)l = fit + x)l E V[[x]] and lim Fo(/Wl, = /(t)l. 

x— i-O 

Noticing that for /(t) G F((t)), a(x) E SiV), 

ydfit + x),xo)aix) = if it + xi)aix))\x^=x+xo = f{t + x + xo)aix), 

we get 

ipxiYoifit)!, xo)v) = i^xifit + Xo)v) = fit + x + Xo)i!xiv) = Yeifit + x),Xo)ipxiv) 
for V E V. Then it follows from the first part with (f/, Yq) in place of (f7, Yq). □ 
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In fact, for the last assertion of Theorem 15.51 on the weak quantum vertex F((t))- 
algebra structure, we can remove those assumptions involving the operator T> (cf. 
[Li4j . Theorem 2.9). First we prove the following (cf. [Li4j, Proposition 2.8): 

Lemma 5.6. Let V he a nonlocal vertex ¥{{t))- algebra and let {W,Yw) be a type 
one V-module. Suppose that e is a vector in W and U is an St-local subset of V 
such that 

Yw{u, x)e G W[[x]] for u e U. 

Then Ywiv,x)e G W[[x]] for v G ¥{{t)){U)p and the map 6 : v{{t)){U)r W, 
sending v to t>_ie for v G ¥{{t)){U)r, is a homomorphism of type one ¥{(t)){U)r- 
modules with 6{1) = e. 

Proof. Set 

K = {veV\ Ywiv,x)e G W[[x]]}. 

It can be readily seen that K is an F((t))-submodule of V. We must prove F((t)) (f/)^ C 
K. From assumption, ¥{{t))l + ¥{{t))U is an iSf-local F((t))-submodule of K. Then 
there exists a maximal iS^-local F((t))-submodule A of K, containing F((t))l + 
¥{{t))U. We now prove ¥{{t)){U)r C A {c K). As {1} U f/ C A, it suffices to 
prove that A is closed, i.e., A^^^ C A. From the proof of Lemma 12.181 A^"^"* is 
iSj-local. Now we prove A^'^^ C K. Let u,v G A. From Proposition 12. 16[ there exist 

u^'\ v^'^eA, /i(xi,X2) G F,(xi,X2) (i = l,...,r) 

such that the Jacobi identity (12.1 5p holds. By Lemma [6.12[ for I <i <r, the series 

k,X2,xAfiit + Xi,t + X2)) 

involves only nonnegative powers of Xi. By applying ReSa;^ to (12.151) . we see that 

Yw(Y{u,Xo)v,X2)e G Vr[[x2]]((xo)), 

which implies UmV G K for m G Z. Thus A^^^ C K. Since 1 G A, we have A C A^^^ . 
As A is maximal we must have A = A^'^\ proving that A is closed. Thus we have 
¥{{t)){U)w C A C K, proving the first assertion. 

By Lemma 6.1 of |Li3] . ^ is a module homomorphism for ¥{{t)){U)w viewed as a 
nonlocal vertex algebra over F. Furthermore, from Lemma [2.151 6 is F((t))-linear. 
Thus 6^ is a homomorphism of type one F((t))(f/)F-modules. □ 

Now, we have: 

Theorem 5.7. Let V,l,U,Yo{-,x),U{x), and ip^ be given as in Theorem 15.51 and 
retain all the assumptions that do not involve V. In addition, assume that U{x) 
is St-local. Set Y{y,x) = ipx{v) G S{V) for v E V. Then Y{-,x) extends the map 
Yo{-, x), and {V, Y, 1) carries the structure of a weak quantum vertex ¥{{t))- algebra. 
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Proof. Recall from Lemma [3?T] the F((ti))-module structure on S{V) with ti another 
formal variable. For u & U, /(ti) G F((i(;i)), we have 

fihMx) = f{t + x)Yo{u,x) = Yo{fit)u,x) = {f{t)u)ix), 

so that U{x) is an F((ti))-submodule of S{V). Since U{x) is an 5t-local subset of 
S(y), by Theorem 15 ■4[ U{x) is compatible and ¥{{ti)){U{x))w is a weak quantum 
F((ti))-algebra, where {U{x))r denotes the nonlocal vertex algebra over F, generated 
by U{x) inside £{V). Set E = ¥{{ti)){U{x))w. By Theorem [El U{x) is an ^t^-local 
F((ti))-submodule of E and (V, Fy) is a type one i?-module, where V is viewed 
as an F((ti))-module with /(ti) acting as f{t) and where YY{a{x),Xo) = a{xo) for 
a{x) G E. From our assumption we have 

Yv{u{x),Xo)l = u{xo)l G ^[[a;o]] for u E U. 

By Lemma 15.6^ there exists an ii^-module homomorphism from E to V such that 
0(lv) = 1 and 

+ x)a(x)) = 0(/(ti)a(x)) = /(ti)0(a(x)) = /(t)0(a(x)) 
for f{t) G F((t)), a(x) G -E. For u e U, a{x) G -E, we have 

(j)(Y£{u{x) , Xo)a{x)) = Yv'(-u(x), Xo)0(a(x)) = u{xo)(j){a{x)). 

That is, 

0('u(x)„a(x)) = M„0(a(x)) for u E U, a{x) EE, n E Z. 

It follows that 'i/'^ is an F((ti))-isomorphism from V to E with as the inverse. Then 
we have a weak quantum vertex F((ti))-algebra structure on V, transported from 
E, where 1 (= 4>{lv)) is the vacuum vector. The defined map Y{-,x) coincides with 
the transported structure, as for v E V, 

(l)Y£{ip^{v),Xo)ip^ = Yv{i'x{v),Xo) = i^xoiv) = Y{v,Xo) 

(recall that is a module homomorphism). Furthermore, for u E U, we have 

ipx{u) = = = u{x), 

so that 

Y{u,x) = ipx{u) = u{x) = Yo{u,x). 
Now, the proof is completed. □ 
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6 Example of quantum vertex c((t))-algebras 



In this section we first associate weak quantum C((t))-algebras to quantum affine 
algebras and then we construct an example of non-degenerate quantum vertex C((t))- 
algebras from a certain quantum /37-system. 

First, we follow |FJ] (see also |Dr] ) to present the quantum affine algebras. Let 

be a finite-dimensional simple Lie algebra of rank / of type A, D, or E and 
let A = (aij) be the Cartan matrix. Let g be a nonzero complex number. For 

1 < i, j < I, set 

Mx) = (g'^-x - l)/{x - g'^-) e C(x). (6.1) 

Furthermore, set 

gi,{x)^^ = t,,ofi,{xf' e C[[x]], (6.2) 

where ix,ofij{x)^^ are the formal Taylor series expansions of fijix)"^^ at 0. The 
quantum affine algebra Uq{g) is (isomorphic to) the associative algebra with identity 
1 and with generators 

^^m, i^^n, l"\ l'^'^ (6.3) 

for l<z</, k E Z, m E — N, n E N, where 7=*=^/^ are central elements, satisfying 
the relations below, written in terms of the following generating functions: 

xtiz) = 0,(z) = J2 v^^(^) = E^-^""- (6.4) 

fcGZ mG-ti nGN 

The relations are 

y/V^/2 = ^-i/Y/2 = i, 
4>ioi>io = V'io^io = 1, 

[(j)i{z),(j)j{w)] = 0, ['ipi{z),ipj{w)] = 0, 
(f)i{z)tljj{w)(j)i{z)~^^j{w)-^ = gij{z/w'y)/gij{z-f/w), 

Mz)Xf{w)U^)-' = g.,{w/z^^'/^r^Xf{w), 

{z - q^''^^w)Xt{z)Xf{w) = (q^'^-^^z - w) Xf (w) Xf (z) , 

[XHz),Xrin.)] = ^ (^) UW^^) - S (^) M^l'^')) , 

and there is one more set of relations of Serre type. 

A ?7g(g)-module W is said to be restricted if for any w E W, X^^w = and 
i^ikW = for 1 < i < I and for k sufficiently large. We say W is of level £ G C if 
7^^/^ act on W as scalars g^^/^. (Rigorously speaking, one needs to choose a branch 
of log g.) We have (cf. |Li3] . Proposition 4.9): 
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Proposition 6.1. Let q and i be complex numbers with q ^ and let W be a 

restricted Uq{g) -module of level £. Set 

Uw = {M^),iJi{x),xf{x) 1 1 < 2 < /}. 

Then Uw is a quasi S{xi,X2) -local subset of£{W) and C{{x)){Uw) is a weak quan- 
tum vertex C{(t)) -algebra with W as a type zero quasi module, where (Uw) denotes 
the nonlocal vertex algebra over C generated by Uw- 

Proof. As is a restricted module, we have Uw C S{W), noticing that (f)i{x) e 
(Endiy)[[x]] C £{W). Note that 

gijiz/w) = L^^ziq^'^z -w)/{z- q^'^w). 

Then 

{q'^^Jz -w-f){z'y - q^^^w) 
g.,iz/w^)/g.,iz^/w) = W _ ^.,^^)(^.,^^ _ ^) • 

With this, from the defining relation we get 

{z - q""'w'y){q°"' z-f - w)(f)i{z)ipj{w) = {q°"' z - w^){z^ - q°"'w)^/jj{w)(j)i{z). (6.5) 
With 

g,,{z/wj^'/') = i^M^-z - w^^'/')/{z - q^'^wj^'/'), 

we get 

{z - g"'^M;7^/2)0i(z)X+(«;) = {q"^^ z - w-f^/^)X^{w)(f)i{z), (6.6) 
{q^'^^z - w-f-^/'^)(j)i{z)Xr{w) = {z - q''^^w^~^/'^)Xr{w)(j)i{z). (6.7) 

Similarly, we have 

{w - q^^^z-f^/'^)tlJi{z)X+{w) = {q^'^^w - z-f^/^)X+{w)^i{z), (6.8) 
{q^^^z - w-f^^^)tlJi{z)Xr{w) = {z - q''^^w^'^/'^)Xr{w)ilJi{z). (6.9) 

As {z — x)5{^) = 0, we have 

{z - w-f){z-f - w)X+{z)Xr{w) = {z- w-f){z-f - w)Xr{w)X+{z). (6.10) 

Now, it is clear that Uw is a quasi 5(xi, X2)-local subset of £{W). The rest follows 
immediately from Theorem 14.81 □ 

For the rest of section, we construct a quantum vertex C((t))-algebra from a 
quantum /37-system. 
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Definition 6.2. Let g be a nonzero complex number. Define Aq{P'y) to be the 
associative algebra over C with generators f3n,'yn {n ^Z), subject to relations 



qx2 


— Xi 




- qxi 


qx2 


— Xi 


X2 - 


- qxi 


X2 - 


- qxi 


qx2 


- Xi 



/3(xi)/3(x2) = ^ /3(x2)/3(xi) 

\X2 - qxi ) 

7(xi)7(x2) = ( — — — ) 7(x2)7(xi), 



/3(xi)7(x2) - ( — — ^ ) ^[x2)^[xx) = x^^b\ — 
\qx2-xx) \xx 

where ^{x) = E„gz /^n^;"""^ and 7(x) = Enez7n2;"""^ 

This algebra Aq{f3'y) belongs to a family of algebras, known as Zamolodchikov- 
Faddeev algebras (see |ZZ] . jF]). Notice that Aq{f3-y) becomes the standard (3'y- 
algebra when q = 1, while AqlPj) becomes a Clifford algebra when q = —1. For 
these two special cases, it is well known that a vertex algebra for g = 1, or a vertex 
superalgebra for g = —1 can be associated to the algebra Aq{P'~f) canonically. In the 
following, we shall mainly deal with the case with q ^ 1. (All the results will still 
hold for q = 1, though a different proof is needed.) 

Remark 6.3. Notice that the defining relations involve infinite sums, so that Aq{l3'~f) 
is in fact a topological algebra. One can give a precise definition using the procedure 
in [FZj for defining the universal enveloping algebra U{V) of a vertex operator 
algebra V. However, for this paper we shall only need a category of modules for a 
free associative algebra. By an Aq{P'~f) -module we mean a vector space W on which 
the set {/3n,7n | n G Z} acts as linear operators, satisfying the condition that for 
every w eW, 

f3nW = 7nW = for n sufficiently large 
and all the relations in Definition 16.21 after applied to w hold. 

Definition 6.4. Let g be a nonzero complex number as before. Define At^q{f3'~f) to 
be the associative algebra over C((t)) with generators (3t{n),jt{n) [n e Z), subject 
to relations 



/3t{Xi)/3t{x2) = — l3t{x2)Pt{xi), 

V(l - q)t + X2- qxij 

( \ ( \ ( {q - l)t + qx2 - xi\ ... . 
7.(xi)7*(x2) = ^(13^)7^^^^; 7*(x2)7.(^,xO, 

R( \ ( \ f - q)t + X2 - qxA -U f 

where Pt{x) = S„gz A('^)a;~""\ lt{x) = Zlngz 7t("')a;~"~\ and where when g 7^ 1, 
the rational-function coefficients are expanded in the non-positive powers of t, e.g., 

1 



j>0 
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By an At^q{f3'y) -module we mean a C((t))-module W on which (3t{n) , jtin) for 
n G Z act as hnear operators, satisfying the condition that for any w e W, (3t{n)w = 
'yt{n)w = for n sufficiently large and those defining relations after applied to w 
hold. A vacuum At^q{[3'~^) -module is an 74t^q(/37)-module W equipped with a vector 
Wo that generates W such that 

f3t{n)wo = ■yt{n)wo = for n > 0. 

Let A be the free associative algebra over C((t)) with generators f3t{n),^t{n) 
for n G Z. Then an Af^g(/37)-module amounts to an A- module W such that for 
any w G W, f3t{n)w = ^t{n)w = for n sufficiently large and such that the three 
corresponding relations after applied to w hold. Define 

degl = 0, deg /3t{n) = deg7t(ra) = — n — - for n G Z, 

to make A a |z-graded algebra, where the degree-A; subspace is denoted by A{k) for 
k G |z. We define an increasing filtration = {-Pfcjfcgiz of A hj Fk = ®p<kA{p) 
for k G |z. Clearly, 

Fp-FkC Fp+k for p,ke ^Z. 

Remark 6.5. Let B be the associative algebra over C with generators a^, bn (n G Z), 
subject to relations 

(^m(^n (^n^^mj b^b^ b^bmi (^mbn ~l~ ^n'^m '^m+n+1,0 

for m, n G Z. In terms of the generating functions 

a{x) = ^a„x~"~\ b{x) = y^&nX~"~\ 

nGZ nGZ 

the above defining relations amount to 

a{xi)a{x2) = -a{x2)a{xi), b{xi)b{x2) = -b{x2)b{xi), 

a(xi)b(x2) + b(x2)a(xi) = x7^6 ( — ) . 

Let J be the left ideal of B, generated by 6„ for n > 0. Set 

Vb = B/J, 

a (left) i?-module, set 1 = 1 + J G Vb, and set 

a = a_il, b = G Vb- 

It is well known (cf. [FFR]) that Vb is an irreducible 5-module. It follows that if 
f/ is a nonzero 5-module with a vector Uq satisfying the condition that U = Buq 
and a„uo = 6n^o = for > 0, then U must be isomorphic to Vb- It is also 
well known (see |FFR] ) that there exists a vertex superalgebra structure on Vb, 
which is uniquely determined by the conditions that 1 is the vacuum vector and 
that Y{a,x) = a{x), Y{b,x) = b{x). 
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Proposition 6.6. Assume q ^ 1. Let {W,Wo) be a nonzero vacuum At^q{f3'j)- 
module. Then F_i/2Wo = and W is irreducible with EndAt g(i3'y)(W) — ^ii'^))- 

Proof. From definition, W is an A-module satisfying that /3t{n)wo = 7t(^)wo = 
for n > and W = Awq. We define an increasing sequence W[k] with A; G |z as 
follows: For A; < 0, set W[k] = 0, and for k G |n, let W[k] be the span of the vectors 

a^^\—mi) ■ ■ ■ a^'^\—mr)wo 

for r > 0, G {A,7t}, rni>l with 

dega^^^(-mi) H h deg a^'')(-m,,) = (mi - 1/2) H h (m,, - 1/2) < A;. 

In the following we prove that W[k] = F^Wq for k G |z. 
From definition, we have W[0] = C{(t))wo and 

a{m)W[k]cW[k-m- 1/2] for a G {A, 7*}, m < 0, A; G ^Z. (6.11) 

Next, we show that this is also true for m > 0. Notice that for a, 6 G {/3t, 7t}, m, n G 
Z, t/; G ly, from the defining relations in Definition 16.41 we have 

a{ra)b{n)w = —b{n)a{ni)w + fij(t)b{n + i)a{m + j)w + A^m+n+i.c""^) 

«,i>o, «+i>i 

where fij{t) G C((t)), A = 0, or 1. Then using induction on k, we can show that 
(16. lip also holds for m > 0, noting that a{m)wo = for m > 0. It follows that 
FkWo = FkW[0] C W[k] for A; G |z. From definition, we also have W[k] C Ffeifo. 
Therefore, FkWo = W[k]. Consequently, F^wq = iy[A;] = for A; < 0. In particular, 
we have F_i/2Wo = 0. 

Now, we prove End^j^(/3^)(iy) = C((t)). We see that the subspaces W[k] {k G 
|n) form an increasing filtration of ly, satisfying that Fpiy[A;] C W[k + p] for 
k,p e |z. Form the associated graded space Grj-(M^) = ®k(^\n{^W\l^[k ~ 1/2]), 
which is naturally an A-module as Gijr{A) ^ A. Let p : A End(GrjF(Vl^)) be the 
corresponding algebra homomorphism. On Grjr(iy), the following relations hold: 

p(A(x))p(A(^)) = -p{Uz))p{Ux)), p{^t{x))p{it{z)) = -p{^t{z))p{it{x)), 

p(A(x))p(7*(^)) + p(7*(^))p(A(x)) = xr^5 (l) . 

We see that p{A) is a homomorphism image of C((t)) ® B (where B is the algebra 
defined in Remark [6.5p . so that Gi jr{W) is naturally a (C((t)) ® -B)-module. Since 
W = Awq, we have GTjr[W) = Awq with wo identified with wq + 1/2] G 
iy[0]/iy[-l/2]. Then 

Gr^(iy) = (C((t)) ® fi)i/;o. 
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From Remark 16.51 the 5-submodule of Gr jr[W), generated from wq, is irreducible 
and isomorphic to Vb- As Vb is of countable dimension over C, we have EndB(VB) = 
C. Then one can show (cf. [Li2] ) that C((t))(8>VB is an irreducible C((t))®-B- module. 
It follows that GTjr{W) ~ C((t)) O as a C((t)) O 5-module. Thus Grj-(iy) is an 
irreducible ^-module. 
Set 

n{W) = {w eW \ (3tin)w = = jt{n)w for > 0}. 
It is known that {v E Vb \ = hnV = for n > 0} = Cl. Then 

{w e C((t)) ® Vb I a„w = &„w = forn > 0} = C((t))l. 

Using this and the filtration J-" we obtain = C((t))wo. Notice that for any 

endomorphism if) of ly, il){wo) G (^(VT) and '?/'('^o) determines if) uniquely. Then it 
follows that EndAt,,{/37)(W^) = C((t)). 

To prove that W is irreducible, let M be any submodule of W . Then M fl [A;] 
with A; G |z form an increasing filtration of M and the associated graded space 
Grjr(M) can be considered canonically as a subspace of Gi jr{W). It is clear that 
Grjr(M) is an A-submodule. As Gij^iW) is an irreducible A-module, we must have 
either Gr^(M) = or Gr^(M) = Gir{W). If Gr^(M) = 0, we have M n W[k] = 
M n K[k — 1/2] for all k G |z. Since W\k^\ = for k sufficiently negative, we have 
MnW[k] = for all k. Thus M = 0. On the other hand, if Gr^(M) = Gt^{W), we 
have MnW[k] + W[k- 1/2] = W[k] for all k. Using induction we get W[k] C M for 
all k. Thus M = W. This proves that W is irreducible, concluding the proof. □ 

The following gives the existence of a nonzero vacuum Vj,g(/37)-module: 

Proposition 6.7. Let Vb be the vertex superalgebra as in Remark \6.5[ There exists 
linear maps 

-.Vb^Vb^ C((t)) 

satisfying the condition that 

$±(t)l = l, <l>^{t){a) = a^t^\ = 
^^{xi)Y{v, X2) = - X2)v, X2)^^{xi) for v G Vb, 

$=^(a;i)$=^(x2) = $^(x2)$'^(xi), 
$+(x)<l>~(x) = <l>'(x)$"^(x) = 1. 

Furthermore, if q ^ 1, the assignment 

f3t{x) = (1 - + x)Y{a, - q)t + x), 

= Y{b, qx)^'^{{l - q)t + x) 

defines a vacuum At^g{f3'y) -module structure on Ve Cg) C((t)). 
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Proof. It is similar to the proof of a similar result in Section 4 of |Li4j . Equip C((t)) 
with the vertex algebra structure with 1 as the vacuum vector and with 

Y{f{t),x)g{t) = {e-<'/''^f{t))g{t) = f{t-x)g{t) for f{t),g{t) G C((t)). 

Furthermore, equip Vb ® with the vertex superalgebra structure by tensor 

product over C. We have 

Y{a ® x) = Y{a, x) (g) (t + Y{b ® x) = Y{b, x) ^ {t + x)^^. 

It is straightforward to show that the assignments 

a(x) H-^ F(a(g)t=^\x), b{x) Y {b (g) t^^ , x) 

give two 5- module structures on Vb ® C((t)). It follows from the universal property 
of Vb that there exist 5- module homomorphisms $^ : Vb — > Ve ® C((t)) such that 
$^(1) = 1 (g) 1. Since a,b generate Vb as a vertex algebra, it follows that $^ are 
vertex algebra homomorphisms. We have 

$±(a) = $^(a_il) = Res^x-\Y{a,x)^{t+x)^^){l^l) = am^\ $^(6) = 6®t^^ 

Write as and indicating the dependence on t. Then ^"^{t) meet all 

the requirements. 

As for the last assertion, note that $((1 — q)t + x) makes sense as ^{x){v) G 
V ^C{{x)). We have 

F(a, gxi)$((l - g)t + xi)r(a, gx2)$((l - g)t + 0:2) 
= ((1 - q)t + xi- qx2)Y{a, qxi)Y{a, gx2)$((l - q)t + a;i)$((l - g)t + X2) 
= ((g - l)t + qx2 - Xi)Y{a, qx2)Y{a, gxi)<l>((l - q)t + Xi)<l>((l - q)t + X2) 
'{q - l)t + qx2 - xi^ 



(1 - q)t + X2 - qxi 



Y{a, gx2)$((l - q)t + X2)Y{a, qxi)^{{l - q)t + Xi), 



y(6, gxi)$"((l - q)t + ga;2)$"((l - q)t + 0:2) 

((1 - q)t + xi - gx2)F(&, gx2)$"((l - q)t + Xi)<l>"((l - q)t + X2) 

((g - l)t + gx2 - qx2)Y{b, - g)t + Xi)<l>"((l - q)t + X2) 

Hq l)t + qx2-x, \ ^^^^ _ ^ - g)t + x,), 

V(l - g)t + X2 - qxij 

F(a, gxi)<l'((l - g)t + xi)Y{b, qx2)^~{{l - g)t + X2) 

Jl-^t + X2^qx,^^^^ X2)<f-((1 - q)t + X2)r(a, - q)t + Xi) 

(g - l)t + gx2 - xi 

((1 - q)t + xi - gx2)"^F(a, gxi)F(6, gx2)<I>((l - q)t + Xi)<l'"((l - q)t + X2) 
-((g - l)t + gx2 - xi)"^y(6, gx2)r(a, gxi)$"((l - q)t + X2)$((l - g)t + xi) 

-1^-1 f / ^1 



((1 - q)t + xi - gx2)~'x2 '5 ( ^ ) $~((1 - q)t + X2)$((l - g)t + Xi) 



{l-q)-\t + x,)-\2'^{^^ 
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This proves that Vb ® C((t)) is an ,j(/37)-module with the given action. Let M be 
the y4j^g(/37)-submodule of Vb ® C((t)), generated from 1 ® 1. It is clear that M is 
a vacuum Aj^q(/37)-module. Now, it suffices to prove that M = ® C((t)). As 
is an irreducible i?-module, we have Vb = B ■ 1, so that 

Vb ® C((t)) = (5 ® C((t)))(l ® 1). 

Then it suffices to prove that M is stable under the action of B. With = 1, 

using the commutation relations (and induction), we see that M is stable under the 
actions of $^((1 — q)t + x). Note that by definition M is stable under the actions of 
f3t{x) and 7j(a;). Consequently, M is stable under the actions of Y{a, x) and Y{b, x). 
Thus M is stable under the action of B. Therefore, we have M = ® 
proving that Vb ® C((t)) is a vacuum y4t^q(/37)-module. □ 

We now construct a universal vacuum y4t_q(/37)-module. First, set J = 
(recall Proposition I6.6p . a left ideal of A. Then consider the quotient A/ J, a (left) 
A-module. One sees that for any wgA/J, (3t{n)w = jt{n)w = for n sufficiently 
large, as for any a E A, f3t{n)a, ^t{n)a G F_i/2 for n sufficiently large. 

Definition 6.8. Let Vt^q{P'y) be the quotient of A/ J modulo the relations corre- 
sponding to the defining relations of At^g{(3'y). We set 1 = 1 + J e V^,g(/37). 

From the construction, (^,q(/97), 1) is a vacuum ,j(/37)-module and it is univer- 
sal in the obvious sense. It then follows from Propositions 16.61 and 16.71 that VJ,q(/37) 
is irreducible (nonzero) and that every nonzero vacuum module is isomorphic to 

Now we are ready to present the main result of this section: 

Theorem 6.9. Assume q ^ 1. There exists a weak quantum vertex C{{t))- algebra 
structure on Vt^q{(3'y) with 1 as the vacuum vector and with 

y(A(-i)i,x) = A(x), y(7i(-i)i,x) = 7i(x). 

Furthermore, such a weak quantum vertex C{{t))- algebra structure is unique and 
non- degenerate. 

Proof. We shall apply Theorem 15.71 Set 

[/ = C((t))A + C((t))7tC Vi,,(/37) 

and define 



Yo{f{t)f3t,x) = f{t + x)f3t{x), Yo{f{t)jt,x) = /(t + x)7t(x) for f{t) e C((t)). 

Set U{x) = {Yq{u,x) \ u E U}. It is clear that U{x) is iSt(xi, X2)-local, so U{x) gen- 
erates a nonlocal vertex algebra {U{x)) over C((t)) inside S{Vt^q{(3'y)). Furthermore, 
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C((t))((x))(f/(x)) is a nonlocal vertex algebra over C((t)). By Proposition 14.91 we 
have 



,(1 


- (l){t + x] 


)+X2- 


qxi 


{<! 


- l){t + x) 


+ qx2 - 


- Xi 


(1 


-q){t + x) 


+ a;2 - 


qxi 


(1 


-q){t + x) 


+ X2 - 


qxi 




- l){t + x) 


+ qx2 - 


- Xi 



Y£{-ftix),Xi)Y£{-ftix),X2) = ( ^^^^ , ^^ , ^ — ] Y£iltix),X2)Y£{-ftix),xi] 

Yemx),xi)Ye{-ft{x),X2) 

\Xl 

Define a C((i:i))-module structure on C{{t)){{x)){U{x)) with /(ti) G C((ti)) acting 
as /(t + x). Then C((t))((a;))([/(x)) is an ,j(/37)-module with f3t{z) and ■yt{z) 
acting as Y£{f3t{x), z) and Ys^'jtix), z), respectively. Furthermore, the submodule 
generated from lyj^(/3^) is a vacuum 74(j^q(/37)-module. It follows that there is a 
C-linear map ip from Vt^q{(3'y) to C{(t)){{x)){U{x)) such that 

^(1) = ly, ij{f{t)v) = /(ti)^(t;), 
W^) = Yemx), z)ij{v), ij{jt{z)v) = Yei^tix), z)ij{v) 

for f{t) G C((t)), V G Vt^g(/37). Now the first assertion follows from Theorem 15. 71 

Next, we show that Vt^q{(3j) is non-degenerate by using Proposition 13.61 Re- 
call the |z-graded free algebra A over C((t)). By Proposition 16.61 Vt^q{f3'y) is an 
irreducible A-module with End^(Vf,g(/97)) = C((t)). As /3t,7t generate Vt^q{/3'j), it 
follows that Vt^q{f3'y) as a \4_g(^7)-module is irreducible with Eiadvt^q{i3-y){Vt^q{/3'j)) = 
C((t)). Now, by Proposition 13. 6[ V^,g(/37) is non-degenerate. □ 

Regarding the relationship between y4g(/37)-modules and the quantum vertex 
C((t))-algebra Vt^q{f3j) we have: 

Proposition 6.10. Assume q ^ 1. Let W be an Aq{l3'y) -module. There exists a 
type zero module structure for the quantum vertex C{(t)) -algebra Vt^q{(3'y) with 

Yw{f3t{-l)l,x) = /3{x), Yw{it{-in,x)=i{x). 

Proof. From the defining relations of Aq{P'y), one sees that the generating func- 
tions f3{x) and 7(0;) form an iS(a;i, a;2)-local subset of £(W). Thus by Theorem 14. 2[ 
{P{x),'-f{x)} generates a nonlocal vertex algebra K over C with as a module. 
Furthermore, by Theorem 14. 3[ C{{x))K is a weak quantum vertex C((t))-algebra 
with W as a. type zero module, where f{t) G C((t)) acts on C{{x))K as f{x). In 
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view of Proposition 14.91 we have 

\{q — 1)1 + qxi — X2 J 

YMz),x,)Ys{^{z),X2) = /'(Lzi)i±fi^^') r,(^(z),x2)r,(7W,Xi), 

\{q — ijt + qxi — X2 / 

Yeim,^i)Yeiliz),x,) - ' 1)^ + g^i " YMz),x2)Ye{m,xi) 

\[i — gjt + Xi — qx2/ 

Thus, C{{x))K is an ,j(/37)-module with f(t) G C((t)) acting as /(x) and with 
(3t{n), 7((n) acting as 7(2)^ for n e Z, respectively. We also have (3{z)nlw = 

= 7(z)„lvi/ for n > 0. It follows that there exists an Aj^g(/37)-module homomor- 
phism 71 from Vt^q{/3'y) to C{{x))K, sending 1 to Iw- That is, tt is a C((t))-module 
homomorphism satisfying the condition that vr(l) = lyy, 

7r(r(A, z)v) = Ye{f3{x), zMv), 7r(r(7„ z)v) = Ye{j{x), z)n{v) 

for V G Vt^q{(3'y). It follows that vr is a homomorphism of nonlocal vertex C((t))- 
algebras. Consequently, W is a module of type zero for Vt^q{(3j). □ 



Appendix 

In this Appendix we present some technical results on iota-maps, which we use in 
the main body of this paper. 

Lemma 6.11. For any f{xi,X2) G F^,(xi,X2), we have 

f{t + Xo,t))\ Lh,X2,xof{tl +X2 + Xo, ti + X2), 

l^x\,xo i^t,X2,xof i.^ ~l~ X2 ~\~ Xq, t -\- X2)) \x2=xi—xo ^t,xi,xof (j^ ~l~ t -\- X\ Xq). 

Proof. If f{xi,X2) G F[[xi,X2]], it is clear as iota-maps leave nonnegative power 
series unchanged. Now, we consider the case with / = 1/p for p(xi,X2) G F[xi,X2]. 
We have tf,a;o(l/p(^ + ^^o, t)) = pii + ^Q, t)~^, the inverse of p(t + xq, t) in F((t))((xo)). 
The substitution t = ti + X2 is an algebra homomorphism from F((t))((xo)) into 
F((ti))((x2))((xo)). Thus + Xo,t))) \t=t^+x2 is the inverse of polynomial 

p{ti + X2 + Xo,ti + X2) in F((ti))((x2))((xo)). On the other hand, we know that 
ki,x2,xoi)-/p{ii + X2 + Xo,ti + X2)) is also the inverse of p{ti + X2 + Xo,ti + X2) in 
^((^i))((^2))((a;o))- This proves the first assertion. The second assertion can be 
proved similarly. □ 

Lemma 6.12. a) Let q{xi,X2) G F[xi,X2] be such that q{xi,Xi) 7^ 0. Then 

it,xuX2{'^/(l(,t + Xl,t + X2)) = Lt,X2,xi{l/q{t + Xi,t + X2)) G F((t))[[xi,X2]]. 



44 



b) For any f{xi,X2) G ¥^{xi,X2), we have 

it,X2,xJ{t + Xi,t + X2) e ¥{{t)){{x2))[[Xi]], 

and there exists A; G N such that 

l't,xi,X2{Xl - X2)''fit + Xi,t + X2) = tt,x2,xi{Xl - X2)''f{t + Xi,t + X2) 

with both sides lying in F((t))[[xi, X2]], and such that 

k,xi,XQ{x^f{i + ^It t + Xi — Xq)) = {^it,X2,xA^l ~ ^2)^ f{t + Xi, t + X2)) \x2=xi-xo- 

Proof. We have 

q{t + xi,t + X2) = q{t, t) - xig{t, Xi, X2) - X2h{t, Xi, X2) 

for some g,h & ¥[t, Xi,X2] where q{t, t) ^ 0. Then 

k,xi,x2{'^/Qit + + X2)) 
= X] ^ifii^/qit, t)y^^{xig{t, xi, X2) + X2h{t, xi, X2)y 

= Lt,X2,xi{l/q(t + Xi,t + X2)), 

proving the first assertion. Let / = g/p with g G F[[xi,X2]], p{xi,X2) G F[xi,X2] 
(nonzero). We have p{xi,X2) = {xi — X2)^q{xi,X2) for some A; G N, g(xi,X2) G 
F[xi,X2] with q{x2,X2) 7^ 0. Then the second and the third assertions follow imme- 
diately. As for the last assertion, we have 

^t,xi,xo(l/?(^ + Xi,t + Xi- Xo)) = {Lt^x2,xi{l/q(t + Xi,t + X2)) \x2=xi-xo, 

because both sides are the inverse of g(t + t + xi — xq) in F((t))((xi))((xo)). Then 
the last assertion follows. □ 
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